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ON THE BIRATIONAL MOTIVE OF HYPER-KA¨HLER VARIETIES
CHARLES VIAL
Abstract. We introduce a new ascending filtration, that we call the co-radical filtration in
analogy with the basic theory of co-algebras, on the Chow group of zero-cycles on pointed
smooth projective varieties. In the case of projective hyper-Ka¨hler manifolds, we conjecture it
agrees with a filtration introduced by Voisin. This is established for certain moduli of stable
sheaves on K3 surfaces, for generalized Kummer varieties and for the Fano variety of lines on
a smooth cubic fourfold. Our overall strategy is to view the birational motive of a smooth
projective variety as a co-algebra object with respect to the diagonal embedding and to show in
the aforementioned cases the existence of a so-called strict grading. Furthermore, we upgrade
to rational equivalence Voisin’s notion of “surface decomposition” and use this to show that
the birational motive of some projective hyper-Ka¨hler manifolds are determined, as co-algebra
objects, by the birational motive of a surface. In the appendix, we relate our co-radical filtration
on the Chow groups of abelian varieties to Beauville’s eigenspace decomposition.
Introduction
By hyper-Ka¨hler variety, we will mean a projective hyper-Ka¨hler manifold, or equivalently, a
projective irreducible holomorphic symplectic manifold.
Main results concerning zero-cycles. Our first main result is a vanishing result for zero-
cycles on powers of certain hyper-Ka¨hler varieties :
Theorem 1 (Theorem 6.9 and Remark 6.10). Let X be a hyper-Ka¨hler variety and denote 2n
its dimension. Assume that X is one of the following :
(i) Hilbn(S), the Hilbert scheme of length-n closed subschemes on a K3 surface S [Bea83] ;
(ii) Mσ(v), a moduli space of stable objects on a K3 surface ;
(iii) Kn(A), the generalized Kummer variety associated to an abelian surface A [Bea83] ;
(iv) F (Y ), the Fano variety of lines on a smooth cubic fourfold Y [BD85] ;
(v) Z(Y ), a LLSvS eightfold [LLSvS17].
Then there exists a point o ∈ X such that, for all points x ∈ X, the following exterior power
vanishes :
([x]− [o])×n+1 = 0 ∈ CH0(X
n+1).
We note that the first three families of hyper-Ka¨hler varieties (i)-(ii)-(iii) are dense in moduli,
while the latter two (iv)-(v) form locally complete families in moduli. Here, moduli spaces of
stable objects on K3 surfaces are understood as moduli spaces of objects with given Mukai
vector that are stable with respect to a generic Bridgeland stability condition ; see §3. Note also
that case (i) is a special case of (ii) ; it is however convenient for our exposition to distinguish
them since we will often reduce the case (ii) to the case (i) via Theorem 3.1 and its proof.
We also prove an analogous result for abelian varieties :
Theorem 2 (Theorem A.1(d)). Let X be an abelian variety of dimension g over a field K.
Then, for all K-points x ∈ X(K), the following exterior power vanishes :
([x]− [0])×g+1 = 0 ∈ CH0(X
g+1).
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As we will explain below, the key point for proving Theorems 1 and 2 consists in considering
the birational motive of X as a co-algebra object and endowing it with a so-called unital grading.
Furthermore, in cases (i)–(iv), we will prove a certain co-generation property predicted by the
Bloch–Beilinson filtration (Theorem 5.13), thereby enabling us to enrich this unital grading to
a so-called strict grading. As a consequence, we will be able to give a new characterization of
Voisin’s filtration S•, introduced in [Voi16], in certain cases :
Theorem 3 (Theorem 7.3). Let X be one of the hyper-Ka¨hler varieties (i), (iii) or (iv). Then
there exists a point o ∈ X such that, for all k, if x ∈ X, then
[x] ∈ SkCH0(X) ⇐⇒ ([x]− [o])
×k+1 = 0 ∈ CH0(X
k+1), (1)
where by definition the Voisin filtration SkCH0(X) is defined as the subgroup spanned by classes
of points supported on a closed subvariety Zk ⊂ X of dimension k all of whose points are
rationally equivalent in X (see §7.1 for more details).
We note that Theorem 3 in case (ii) would follow if we knew that for any x ∈ Mσ(v) the (con-
nected) subvarieties of maximal dimension of Ox := {x
′ ∈ X
∣∣ [x′] = [x] ∈ CH0(X)} are dense
in Mσ(v) ; see Remark 7.4. A crucial intermediate step towards proving the equivalence (1) will
be the introduction of a new filtration that we call the co-radical filtration (see Definition 6.4).
Let us now explain more about the motivation for this work, and how the strict grading on the
birational motive of X and the co-radical filtration on CH0(X) come into play.
Birational motives as co-algebra objects. If X denotes a smooth projective variety over
a field K, the diagonal embedding δ : X →֒ X ×K X and the structure map ǫ : X → SpecK
formally satisfy
• the co-unital law (id× ǫ) ◦ δ = id = (ǫ× id) ◦ δ : X → X ;
• the co-associative law (δ × id) ◦ δ = (id × δ) ◦ δ : X → X ×X ×X ;
• the co-commutativity law δ = τ ◦ δ : X → X × X, where τ : X ×X → X × X is the
morphism permuting the two factors.
The contravariant action of δ and ǫ, together with the ⊗-structure on the category of Chow
motives, endows then the Chow motive of X with the structure of a commutative algebra
object. A famous result of Ku¨nnemann [Ku¨n94], reviewed in Appendix A, is the following
Theorem 4 (Ku¨nnemann). Let A be an abelian variety over a field K. Then the Chow motive
h(A) (with rational coefficients) of A admits a canonical direct summand h1(A) and the induced
morphism
Sym∗ h1(A)
∼
−→ h(A)
is an isomorphism of algebra objects.
Such an isomorphism endows naturally the algebra object h(A) with a grading. Of course, such
an isomorphism is a lift to rational equivalence of the well-known fact that the cohomology alge-
bra of an abelian variety is isomorphic to the symmetric power of its degree-1 cohomology group.
(Note that due to the fact that cup-product is graded-commutative, Sym2 dimA+1H1(A) = 0).
Let now X be a hyper-Ka¨hler variety of dimension 2n. A result of Bogomolov [Bog96] shows
that the natural map Sym≤nH2(X,Q) →֒ H∗(X,Q) is injective. In addition, since H2k,0(X) =
Cσk for all 0 ≤ k ≤ n for some nowhere degenerate 2-form σ, the above natural map restricts
to an isomorphism Sym≤nH2,0(X)
∼
−→ H2∗,0(X) on the “birational part” of the cohomology
of X. Based on Beauville’s splitting principle [Bea07], which roughly draws parallels between
the intersection theory on abelian varieties and that on hyper-Ka¨hler varieties, we may ask
whether the “birational part” of the Chow motive of X is generated in degree 2. The correct
framework for such a question is Kahn and Sujatha’s pseudo-abelian ⊗-category of birational
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motives [KS16], the definition and basic properties of which are recalled in §2. This is naturally
a covariant theory, and in that setting the diagonal embedding δ together with the structure
map ǫ naturally endow the birational motive h◦(X) of X with the structure of a co-commutative
co-algebra structure. We may then phrase
Conjecture 1. Let X be a hyper-Ka¨hler variety of dimension 2n. Then the birational motive
h◦(X) (with rational coefficients) admits a direct summand h◦(X)(1), called the primitive part,
such that the co-induced morphism
h◦(X)
∼
−→ Sym≤n h◦(X)(1)
is an isomorphism of co-algebra objects.
Such an isomorphism naturally endows the co-algebra object h◦(X) with a grading (see §1.2).
In Proposition 5.11, we show that this grading is cohomologically meaningful in the sense that the
transcendental cohomology of the direct summand h◦(X)(1) coincides with the transcendental
cohomology of X of degree 2. Moreover, we would in fact expect the direct summand h◦(X)(1)
to be unique. Conjecture 1 is substantiated by the following :
Theorem 5 (Theorem 5.13). Let X be one of the hyper-Ka¨hler varieties (i), (ii), (iii) or (iv).
Then X satisfies the conclusion of Conjecture 1. In other words, denoting 2n = dimX, we have
a co-algebra grading
h◦(X) = h◦(X)(0) ⊕ · · · ⊕ h
◦(X)(n)
such that the natural graded morphism
h◦(X)
∼
−→ Sym≤n h◦(X)(1)
is an isomorphism of graded co-algebra objects.
Let us mention that we establish Theorem 5 in case (ii) by showing, as a result of independent
interest in Theorem 3.1, that the birational motive of a moduli of stable sheaves on a K3 surface S
is isomorphic as co-algebra object to the birational motive of Hilbn(S) for some n.
The co-radical filtration on zero-cycles. Let X be a smooth projective variety over K. Let
us explain how the existence of a co-algebra isomorphism
h◦(X)
∼
−→ Sym≤n h◦(X)(1)
has consequences for zero-cycles on X as in Theorems 1, 2 and 3. For the sake of clarity, we go
into more details to explain what are the crucial ingredients. We say that a co-algebra grading
h◦(X) = h◦(X)(0) ⊕ · · · ⊕ h
◦(X)(n) (2)
is unital if ǫi : h
◦(X)(i) →֒ h
◦(X)
ǫ
→ 1 is an isomorphism if i = 0 and zero otherwise, and that it
is strict if in addition the natural graded morphism h◦(X)→ Sym≤n h◦(X)(1) is split injective,
or in other words if h◦(X) is co-generated by h◦(X)(1). If (2) defines a unital grading, we denote
o : 1 → h◦(X) the morphism ǫ−10 : 1 → h
◦(X)(0) →֒ h
◦(X) ; this defines a degree-1 zero-cycle
o ∈ CH0(X) such that δ∗o = o×o ∈ CH0(X×KX), i.e., o : 1→ h
◦(X) is a unit in the co-algebra
sense (see §1.2). Note that the class of any K-point on X defines a unit in CH0(X). We refer
to Section 1 for a review of co-algebra objects in an abstract ⊗-category.
Let us now fix a smooth projective variety X over K equipped with a unit o ∈ CH0(X),
i.e., a degree-1 zero-cycle o ∈ CH0(X) such that δ∗o = o × o ∈ CH0(X ×K X). In analogy
to the elementary theory of co-algebras (as exposed for instance in [Swe69]), we then define
(Definition 6.4) the co-radical filtration R•CH0(X) associated to the unit o as :
R0CH0(X) := Qo and RkCH0(X) := Qo⊕ {α ∈ CH0(X)num
∣∣ δ¯kα = 0} for k > 0.
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Here, CH0(X)num := ker(deg : CH0(X) → Q) is the group of degree-0 zero-cycles, and δ¯
k :=
p⊗k+1 ◦ δk, where δk is the diagonal embedding X →֒ Xk+1 and p := id−X × o is the projector
with kernel o. (The morphism δ¯ is called the reduced co-multiplication ; see §1.3). In Proposi-
tion 6.5, we show that classes of points in RkCH0(X) have the following explicit description :
For x ∈ X, [x] ∈ RkCH0(X) ⇐⇒ ([x]− o)
×k+1 = 0 ∈ CH0(X
k+1). (3)
Assume now that the birational motive of X, considered as a co-algebra object, admits a
unital grading as in (2) and let
GkCH0(X) := CH0
(
h◦(X)(0) ⊕ · · · ⊕ h
◦(X)(k)
)
= CH0
(
h◦(X)(0)
)
⊕ · · · ⊕ CH0
(
h◦(X)(k)
)
be the associated ascending filtration. Corollary 6.7, which is the conjunction of Propositions 6.3
and 6.6, provides the link between the ascending filtration associated to a unital, resp. strict,
grading and the co-radical filtration associated to the unit o :
Theorem 6 (Corollary 6.7). Assume X admits a unital grading as in (2). Then
GkCH0(X) ⊆ RkCH0(X).
In particular, CH0(X) = RnCH0(X) and hence ([x] − o)
×n+1 = 0 ∈ CH0(X
n+1) for all x ∈ X.
Moreover, if the unital grading (2) is strict, then
GkCH0(X) = RkCH0(X).
In particular, if X is a hyper-Ka¨hler variety, then (see Remark 6.11) the co-radical filtration is
opposite to the conjectural Bloch–Beilinson filtration and we have
RkCH0(X) ∩ F
2kCH0(X) = CH0(h
◦(X)(k)).
Theorem 6 shows that Theorem 1 is a consequence of Theorem 5, and that Theorem 2 is a
consequence of Theorem 4. As for Theorem 3, Theorem 6 together with (3) reduce its proof to
showing that the Voisin filtration S• coincides with the filtration G• induced by a strict grading.
In Appendix A, we define the co-radical filtration on the total Chow group of an abelian
variety, and we show in Theorem A.1 that this defines a ring filtration that is opposite to the
candidate Bloch–Beilinson filtration of Beauville [Bea86].
Splitting of filtrations on the Chow group of zero-cycles. Beauville’s splitting princi-
ple [Bea07] asserts that the conjectural Bloch–Beilinson filtration on the Chow ring of hyper-
Ka¨hler varieties splits. Another goal of this paper is to make sense of what it means for a
filtration on the Chow group of zero-cycle to split, especially in relation with the diagonal
embedding map
δ∗ : CH0(X) −→ CH0(X ×K X).
For instance, Theorem 6 suggests that for a hyper-Ka¨hler variety, the co-radical filtration and
the Bloch–Beilinson filtration are induced by a strict grading on its birational motive (see also
Proposition 6.3). We would like however to make this more down-to-earth by avoiding the use
of birational motives, or any mention of the conjectural Bloch–Beilinson filtration. For that
purpose we introduce in Definition 6.2 the notions of δ-filtration, δ-grading and strict δ-grading,
and we conjecture (Conjecture 6.8) that, for every hyper-Ka¨hler variety, there exists a unit
o ∈ CH0(X) such that the associated co-radical filtration is the filtration associated to a strict
δ-grading. This is established in cases (i), (ii), (iii) and (iv) in Theorem 6.9. By Proposition 6.3,
Conjecture 6.8 is a special instance of Conjecture 1 ; it has the advantage of being very concrete
as it only involves the Chow group of zero-cycles on powers of X. In addition, in Conjecture 7.2,
based on the evidence provided by Theorem 3, we conjecture that the Voisin filtration coincides
with the co-radical filtration, and should hence conjecturally be associated to a δ-grading.
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Motivic surface decomposability for hyper-Ka¨hler varieties. Recently, Voisin [Voi18]
introduced the cohomological notion of surface decomposability (see Definition 4.1), conjectured
that every hyper-Ka¨hler variety is surface decomposable and established this in a number of
cases, including (i), (iii), (iv) and (v). In Definition 4.3, we introduce the notion of motivic
surface decomposition. This notion is concerned with zero-cycles and provides a refinement
of Voisin’s notion which is concerned with global k-forms ; see Proposition 4.5. As such, our
motivic surface decomposability can be thought of as a lift to rational equivalence of Voisin’s
cohomological surface decomposability. In Conjecture 4.7, we conjecture that every hyper-Ka¨hler
variety is motivically surface decomposable, and we establish in Theorem 4.8 the conjecture
in cases (i), (ii), (iii), (iv) and (v). In the language of birational motives, Proposition 2.2
implies that, for a hyper-Ka¨hler variety admitting a motivic surface decomposition, the co-
algebra structure on the birational motives of X is determined by the co-algebra structure on
the birational motives of surfaces. Precisely, we have for instance :
Theorem 7 (Theorem 4.8 and Proposition 2.2). Let X be a smooth projective variety of dimen-
sion 2n that is birational to one of the hyper-Ka¨hler varieties (i), (ii), (iii), (iv) or (v). Then
there exists a smooth projective surface B, a split injective morphism γ : h◦(X) → h◦(Bn) and
a split surjective morphism γ′ : h◦(Bn)→ h◦(X) such that
(a) γ′ ◦ γ = id : h◦(X)→ h◦(X).
(b) (γ′ ⊗ γ′) ◦ δBn ◦ γ = δX : h
◦(X)→ h◦(X ×X).
Equivalently, in view of Lemma 2.1, there exists a smooth projective surface B, correspondences
γ, γ′ ∈ CH2n(X ×Bn) such that
(a) (γ′ ◦ γ)∗ = id : CH0(X)→ CH0(X) ;
(b) (γ′ ⊗ γ′)∗(δBn)∗γ∗ = (δX)∗ : CH0(X)→ CH0(X ×X).
As a corollary to Theorem 4.8 and its proof, we obtain in Corollary 4.11 the existence of
a surface decomposition for moduli spaces of stable objects on K3 surfaces, and we reduce
the existence of a surface decomposition for moduli spaces of stable objects in the Kuznetsov
component of a cubic fourfold to a conjecture of Shen–Yin [SY, Conj. 0.3].
Notation and Conventions. Given a field K, Ω denotes a universal domain containing K,
i.e. an algebraically closed field of infinite transcendence degree over its prime subfield. For
a smooth projective variety X over K, we denote δ : X →֒ X ×K X the diagonal embedding
and ǫ : X → SpecK the structure morphism. In §§2.1, 2.2 and 2.3, Chow groups are with
integral coefficients, unless explicitly stated otherwise. From §2.4 onwards, Chow groups will be
understood to be with rational coefficients.
Acknowledgements. Thanks to Lie Fu, Robert Laterveer and Mingmin Shen for useful ex-
changes during a pleasant stay at the University of Amsterdam in February 2020. Thanks to
Giuseppe Ancona for useful comments.
1. A review of co-algebra objects
In this section, we fix a commutative ring R and let C be a R-linear, symmetric monoidal
category with tensor unit 1 (a ⊗-category over R, in the language of [And04, §2.2.2]).
1.1. Co-algebra objects. A co-algebra object in C is an object M together with a co-unit
morphism ǫ :M → 1 and a co-multiplication morphism δ :M →M ⊗M satisfying the co-unit
axiom (id⊗ ǫ) ◦ δ = id = (ǫ⊗ id) ◦ δ and the co-associativity axiom (δ ⊗ id) ◦ δ = (id⊗ δ) ◦ δ. It
is called co-commutative if moreover δ = cM,M ◦ δ is satisfied, where cM,M is the commutativity
constraint of the category C. We define inductively δk := (δ⊗id⊗· · ·⊗id)◦δk−1 :M →M⊗(k+1).
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A morphism of co-algebra objects between two co-algebra objects M and N is a morphism
φ :M → N in C that preserves co-multiplication and co-unit. We note that co-algebra structures
on objects M and N of C induce naturally a co-algebra structure on the tensor productM ⊗N ,
and that a morphism φ : M → N of co-algebra objects induces naturally a morphism of co-
algebra objects φ⊗n : M⊗n → N⊗n which is an isomorphism if φ is. Finally, if the co-algebra
object M is co-commutative, then the co-multiplication δ : M → M ⊗M is a morphism of
co-algebras.
A unit for M is a non-zero morphism u : 1 → M in C such that δ ◦ u = u ⊗ u (which forces
the additional identity ǫ ◦ u = 1). Equivalently, a unit is a co-algebra morphism u : 1→M .
1.2. Unital graded co-algebra objects. Let (M, δ, ǫ) be a co-commutative co-algebra object
of C. A grading on the co-algebra objects M is a (finite) direct sum decomposition
M =M(0) ⊕M(1) ⊕ · · · ⊕M(n)
in C with respect to which both δ and ǫ are graded morphisms, where the unit object 1 is
understood to be of pure grade 0. In other words, the grading has the property that the
restriction of the co-unit
M :=
⊕
i>0M(i)
  // M
ǫ // 1
is zero, and the restriction of the co-multiplication factors as
M(k)
  //
**❯❯
❯
❯
❯
❯
❯
❯
❯
❯ M
δ //M ⊗M
⊕
i+j=kM(i) ⊗M(j).
?
OO
Here we have followed the classical references [MM65, §2] and [Swe69, §11]. Furthermore, a
graded co-algebra object M = M(0) ⊕M(1) ⊕ · · · ⊕M(n) is said to be unital if the restriction
of the co-unit ǫ0 : M(0) → 1 is an isomorphism (this corresponds to the notion of connected in
[MM65, §2]) and of pointed irreducible in [Swe69]). The terminology is justified by the fact that
the graded morphism
u : 1
(ǫ0)−1
∼
// M(0)
  // M
defines a unit ; it is the unique graded unit morphism 1 → M . We then write (M, δ, ǫ, u) for a
unital graded co-algebra. The tensor product of two unital graded co-algebra objects equipped
with the obvious grading, co-multiplication, co-unit and unit is a unital graded co-algebra object.
1.3. The reduced co-multiplication. Let M = (M, δ, ǫ, u) be a unital graded co-algebra
object of C. The reduced co-multiplication is defined to be
δ¯ := δ|M − u⊗ idM − idM ⊗ u : M →M ⊗M.
In order to check that δ¯ does indeed land in M ⊗ M , one uses the co-unit axiom, the fact
that ǫ0 : M(0) → 1 is an isomorphism with inverse u and the fact that the co-multiplication δ
is graded. One also easily checks that δ¯ is graded and co-associative. In particular, we have
δ¯|M(1) = 0, and defining inductively δ¯
k := (δ¯ ⊗ id ⊗ · · · ⊗ id) ◦ δ¯k−1 : M → M ⊗(k+1), we have
δ¯k|M(1)⊕···⊕M(k) = 0. Finally δ¯
k can be described as the composition
δ¯k : M 
 // M
δk // M⊗(k+1) // // M ⊗(k+1) ,
and defining p¯ := idM − uǫ :M →M the graded projector on M , we have p¯
⊗n+1 ◦ δn = δ¯n ◦ p¯.
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1.4. Co-generation of co-algebra objects. Let N be an object of C. For all n ≥ 0, we define
T≤nN := 1⊕N ⊕N⊗2 ⊕ · · · ⊕N⊗n.
The canonical (iso)morphisms N⊗k → N⊗i ⊗ N⊗j for k = i + j naturally endow the object
T≤nN with the structure of a unital graded co-algebra. We call it the n-truncated tensor co-
algebra on N . Given a co-algebra object M ∈ C and a morphism r : M → N in C, the induced
morphism
T≤nr :M → T≤nN,
where T≤nr := ǫ+ r + r⊗2 ◦ δ + · · · + r⊗n ◦ δn−1, is a co-algebra morphism.
We say that M is co-generated by N if the induced co-algebra morphism T≤nr :M → T≤nN,
is split injective for some n > 0. (This definition is inspired from the case of connected co-
algebras, for which the co-free co-algebra generated by a sub-vector space N ⊆ M coincides
with the tensor co-algebra TN .)
Finally, we note that if R contains Q and if C is pseudo-abelian, then δk−1 :M →M⊗k factors
through the symmetric power SymkM (which can be defined as the image of the idempotent
1
k!
∑
σ∈Sk
σ : M⊗k → M⊗k with the symmetric group Sk acting on M
⊗k by permuting the
factors), so that T≤nr : M → T≤nN factors through the n-truncated symmetric co-algebra
Sym≤nN .
1.5. Strictly graded co-algebra objects. In analogy with the notion of a strictly graded
co-algebra [Swe69, p. 232], we say that a unital graded co-algebra object M =M(0)⊕· · ·⊕M(n)
of C is a strictly graded co-algebra object if the restriction of the reduced co-multiplication
δ¯ :M(2) ⊕M(3) ⊕ · · · ⊕M(n) →M ⊗M
is split injective, or equivalently, in view of the general fact that δ¯|M(1) = 0, if M(1) is the kernel
of δ¯. In that case, we say that M(1) is the primitive part of M .
Proposition 1.1. A unital graded co-algebra object M =M(0)⊕· · ·⊕M(n) of C is strictly graded
if and only if it is co-generated by M(1).
Proof. Note that the co-algebra morphism M → T≤nM(1) is graded. First it is clear that if
either the grading is strict or if M is co-generated by M(1), then δ¯ :M(2) →M(1) ⊗M(1) is split
injective. So assume that δ¯ : M(2) → M(1) ⊗M(1) is split injective and consider for k ≥ 2 the
composition
δ¯k : M(k+1)
δ¯ //
⊕k
i=1M(k+1−i) ⊗M(i)
// M(k) ⊗M(1)
δ¯k−1⊗id // M(1) ⊗ · · · ⊗M(1).
Assume that, for some k ≥ 2, δ¯k−1 :M(k) →M
⊗k
(1) is split injective ; then δ¯
k :M(k+1) →M
⊗k+1
(1)
is split injective if and only if δ¯ : M(k+1) →
⊕k
i=1M(k+1−i) ⊗M(i) is split injective (note that
δ¯k−1 vanishes on M(j) for j < k ; see §1.3). The proposition therefore follows by induction. 
2. Birational motives of varieties as co-algebra objects
2.1. The category of pure birational motives. Let R be a commutative ring. Recall that
the (covariant) category Meff(K)R of effective Chow motives over K with R-coefficients can be
defined as the pseudo-abelian envelope of the category CSP(K)R of smooth projective varieties
over K with morphisms given by HomCSP(K)R(X,Y ) := CH
dimY (X×K Y )⊗R and composition
law given by the composition of correspondences. We write h(X) (or h(X)R when we want to
make explicit the ring of coefficients) for the Chow motive of X (i.e., for X seen as an object of
Meff (K)R), and given an idempotent correspondence p ∈ CH
dimX(X×KX)⊗R, we write (X, p)
8 CHARLES VIAL
or ph(X) for im(p). The unit motive is 1 := h(SpecK). The category Meff(K)R is a R-linear
⊗-category, with ⊗-unit the unit motive and with tensor product given by (X, p) ⊗ (Y, q) =
(X×K Y, p⊗ q), where p⊗ q = p
∗
13p ·p
∗
24q with pij being the projection morphism to the product
of the i-th and j-th factor of X × Y ×X × Y .
The diagonal ∆P1
K
of the projective line P1K decomposes as a sum of two mutually orthogonal
idempotents ∆P1
K
= P1K×{0}+{0}×P
1
K ∈ CH
1(P1K×KP
1
K) yielding a direct sum decomposition
h(P1K) = 1⊕ L, where L := (P
1
K , {0} × P
1
K) is by definition the Lefschetz motive.
The (covariant) categoryM(K)R of Chow motives over K with R-coefficients is then obtained
from Meff(K)R by inverting the ⊗-endofunctor − ⊗ L. The resulting category M(K)R is then
rigid and the functor Meff(K)R →M(K)R is fully faithful.
If instead of inverting the Lefschetz motive, one kills the Lefschetz motive in Meff(K)R, one
obtains the category M◦(K)R of pure birational (Chow) motives over K with R-coefficients,
which was introduced by Kahn–Sujatha [KS16]. Precisely (cf. [KS16, §2.2]), consider L the
ideal of Meff (K)R consisting of those morphisms which factor through some object of the form
P ⊗ L ; it is a ⊗-ideal called the Lefschetz ideal. The category M◦(K)R is then defined to
be the pseudo-abelian envelope of the quotient Meff(K)R/L ; it is a (non-rigid) R-linear ⊗-
category. (Note that conjecturally, the quotient Meff(K)R/L is already pseudo-abelian, so that
it should not be necessary to pass to the pseudo-abelian envelope; see [KS16, Prop. 4.4.1]).
We write h◦(X) (or h◦(X)R when we want to make explicit the ring of coefficients) for the
birational motive of X (i.e., for X seen as an object of Meff(K)R), and given an idempotent
correspondence ̟ ∈ Hom(h◦(X)R, h
◦(X)R, we write (X,̟) or ̟h
◦(X) for im(̟).
Morphisms of birational motives have an explicit description, namely for X irreducible we
have (see [KS16]) :
Hom(h◦(X)R, h
◦(Y )R) := CH0(YK(X))⊗R. (4)
Hence the birational motive of X with R-coefficients can be roughly thought of as the collection
{CH0(XL) ⊗ R
∣∣L/K is a field extension} with morphisms that are “motivic”, i.e., induced by
correspondences.
Furthermore, under the functorMeff(K)R →M
◦(K)R, a morphism of effective Chow motives
γ : h(X)R → h(Y )R, that is, a correspondence in CH
dimY (X×Y )⊗R, induces the morphism of
birational motives h◦(X)→ h◦(Y ) given by restricting γ to the generic point of X. In addition,
a rational map f : X 99K Y induces a well-defined morphism f∗ : h
◦(X) → h◦(Y ), obtained by
restricting to the generic point of X the graph of f |U , where U ⊆ X is a dense open subset over
which f is defined. We refer to [She16, §2] for further explicit calculations involving morphisms
of birational motives ; of particular relevance is the fact that a generically finite rational map
f : X 99K Y induces a well-defined morphism f∗ : h◦(Y )→ h◦(X).
In practice, with rational coefficients, morphisms of birational motives are the same as action
of correspondences on zero-cycles. The following lemma shows indeed that a morphism of
birational motives is uniquely determined by its action on zero-cycles, after base-changing to a
sufficiently large field.
Lemma 2.1. Let X and Y be two smooth projective varieties over a field K and fix a universal
domain Ω containing K. Let γ and γ′ be two morphisms h(X)→ h(Y ) of Chow motives. Then
the following two conditions are equivalent :
(i) γ∗ = γ
′
∗ : CH0(XΩ)⊗Q→ CH0(YΩ)⊗Q ;
(ii) γ = γ′ : h◦(X)Q → h
◦(Y )Q.
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Proof. First, recall the fact that if γ ∈ Hom(h(X), h(Y )) := CHdX (X×K Y ), then the restriction
of γ to the generic point ηX of X, i.e. the image of γ under the map CH
dimY (X ×K Y ) →
lim
−→
CHdX (U ×K Y ) = CH0(YK(X)), coincides with (γK(X))∗[ηX ].
Assuming (ii), we have by (4) and by Bloch–Srinivas [BS83] that a non-zero multiple of
γ − γ′ is supported on D ×k Y for some divisor D ⊂ X. It follows that γ − γ
′ acts as zero on
CH0(XΩ)⊗Q.
Conversely, since the base change map CH∗(X) ⊗ Q → CH∗(XL) ⊗ Q is injective for all
field extensions L/K and all schemes X of finite type over K, it follows from (i) that γ − γ′
acts as zero on the generic point of X. It follows that γ − γ′ induces the zero morphism
h◦(X)Q → h
◦(Y )Q. 
2.2. The co-algebra structure on the birational motive of varieties. Let X be a smooth
projective variety over a field K. Recall that the pull-back along the diagonal embedding
δ : X → X ×K X, together with the ⊗-structure on the (contravariant) category of Chow
motives, provides a commutative algebra structure on the Chow motive h(X) of X (e.g., [And04,
Ex. 4.1.4.1.3] or [FV19, §2.1]), with unit induced by the structure morphism ǫ : X → SpecK.
Working covariantly instead, we have that the push-forward along the diagonal embedding
δ : X → X×KX, together with the ⊗-structure on the category of birational motives (h
◦(X×K
X) = h◦(X)⊗ h◦(X)), provides a co-commutative co-algebra structure on the birational motive
h◦(X) of X, with co-unit morphism ǫ : h◦(X) → 1 (also called the degree morphism) induced
by pushing forward along the structure morphism ǫ : X → SpecK. It is indeed immediate to
check that (id× ǫ) ◦ δ = id = (ǫ× id) ◦ δ : X → X, (δ × id) ◦ δ = (id× δ) ◦ δ : X → X ×X ×X,
as well as δ = τ ◦ δ : X → X ×X, where τ : X ×X → X ×X is the morphism permuting the
two factors.
In the same way that the pull-back along a morphism of smooth projective varieties provides
a morphism between their motives as algebra objects, a rational map f : X 99K Y induces
a morphism f∗ : h
◦(X) → h◦(Y ) as co-algebra objects. This follows immediately from the
commutativity of the diagram
X
δX //
f
✤
✤
✤
X ×X
f×f
✤
✤
✤
Y
δY // Y × Y.
2.3. Co-algebra structure on birational motives and zero-cycles. Let X be a smooth
projective variety over a field K. The co-multiplication morphism δ : h◦(X) → h◦(X ×K X) =
h◦(X)⊗ h◦(X) does not endow CH0(X) with the structure of a co-algebra, but rather provides
a map
δ∗ : CH0(X)→ CH0(X ×K X).
Given two schemes X and Y of finite type over K, we have the natural map given by exterior
product [Ful84, §1.10] :
CH0(X)⊗ CH0(Y )→ CH0(X ×K Y ), α⊗ β 7→ α× β. (5)
In general, this map is neither injective nor surjective, even with rational coefficients. Consider
for example an elliptic curve E over Q ; by the Mordell–Weil theorem it has finite rank, while
its base-change to Q¯ has infinite rank. We therefore see that there exists a finite field extension
L/Q such that CH0(L)⊗ CH0(E)→ CH0(EL) is not surjective, even with rational coefficients.
Assume now that E has a K-point p such that [p] − [0] is non-torsion in CH0(E), then ([p] −
[0]) × ([p] − [0]) is zero in CH0(E ×K E) (this is classical, but see also Theorem A.1 below
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for a generalization to abelian varieties of any dimension), showing that CH0(E) ⊗ CH0(E) →
CH0(E ×K E) is not injective, even with rational coefficients.
However, we note that if K is algebraically closed, then the exterior product map (5) is
surjective ; indeed, any zero-cycle γ ∈ CH0(X×K Y ) is then a linear combination of cycle classes
of the form [x]× [y] for x ∈ X(K) and y ∈ Y (K).
2.4. Correspondences and co-algebra structures on birational motives. From now on,
our coefficient ring R will be the field of rational numbers Q and Chow groups (and motives)
will be understood to be with rational coefficients.
Let h◦(X) and h◦(Y ) be two birational motives of smooth projective varieties. Assume that
h◦(X) can be realized as a direct summand of h◦(Y ). The following proposition gives a criterion
for the co-algebra structure on h◦(X) to be determined by the co-algebra structure on h◦(Y ).
Proposition 2.2. Let X and Y be smooth projective varieties of same dimension d over a
field K and fix a universal domain Ω containing K. Assume that there exist a projective variety
Γ of same dimension d together with generically finite morphisms
Γ
φ //
ψ

X
Y
such that one of the following equivalent conditions holds :
(i) φ∗[p] = φ∗[q] in CH0(XΩ), for any two general points p and q in Γ(Ω) lying on the same
fiber of ψ.
(ii) φ∗ψ
∗ψ∗α = deg(ψ)φ∗α in CH0(XΩ), for any zero-cycle α ∈ CH0(ΓΩ).
Then
(a) γ := 1deg φ ψ∗φ
∗ : h◦(X)→ h◦(Y ) is split injective ;
(b) γ′ := 1degψ φ∗ψ
∗ : h◦(Y ) → h◦(X) is split surjective and is a left-inverse to γ, i.e., γ′ ◦ γ =
idh◦(X) ;
(c) the diagram
h◦(X)
δX //
γ

h◦(X) ⊗ h◦(X)
h◦(Y )
δY // h◦(Y )⊗ h◦(Y )
γ′⊗γ′
OO
commutes.
In particular, if in addition ψ∗[p] = ψ∗[q] in CH0(YΩ) for any two general points p and q in Γ(Ω)
lying on the same fiber of φ, then γ : h◦(X) → h◦(Y ) is an isomorphism of co-algebra objects
(with inverse γ′).
Proof. First we explain why assumptions (i) and (ii) are equivalent. Since ψ is generically
finite and by generic flatness, for p a general point on YΩ we have that ψ
∗ψ∗[p] is a multiple
of [p1] + · · · + [pd] where {p1, . . . , pn} = ψ
−1ψ(p) and where n = deg(ψ). Assuming (i), we get
φ∗ψ
∗ψ∗[p] = deg(ψ)φ∗[p]. On the other hand, if p and q are two general points on the same
fiber of ψ, we have by proper pushforward ψ∗[p] = ψ∗[q]. Assuming (ii), we get deg(ψ)φ∗[p] =
φ∗ψ
∗ψ∗[p] = φ∗ψ
∗ψ∗[q] = deg(ψ)φ∗[q].
Let us now proceed to show that assumptions (i) and (ii) imply (a), (b) and (c). Items (a)
and (b) simply follow from the projection formula :
φ∗ψ
∗ψ∗φ
∗ = deg(ψ)φ∗φ
∗ = deg(ψ) deg(φ) idh◦(X),
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while item (c) follows from
(φ∗ψ
∗ ⊗ φ∗ψ
∗) ◦ δY ◦ ψ∗φ
∗ = (φ∗ψ
∗ ⊗ φ∗ψ
∗) ◦ (ψ∗ ⊗ ψ∗) ◦ δΓ ◦ φ
∗
= deg(ψ)2 (φ∗ ⊗ φ∗) ◦ δΓ ◦ φ
∗
= deg(ψ)2 δX ◦ φ∗φ
∗
= deg(ψ)2 deg(φ) δX .
Here, the second equality uses (ii), the last equality uses the projection formula, and the first
and third equalities use the compatibility of the co-algebra structure on birational motives of
smooth projective varieties and push-forwards along rational maps. 
Remark 2.3. We note that if π : Γ˜ → Γ is a birational morphism of projective varieties, e.g.,
a desingularization, then the equivalent assumptions (i) and (ii) of Proposition 2.2 are satisfied
for φ ◦ π and ψ ◦ π if they are satisfied for φ and ψ.
2.5. The birational motive of finite quotient varieties. Let X be a smooth projective
variety over a field K and let G be a finite group acting on X. Due to the fact [Ful84, Ex. 1.7.6]
that CH∗(X/G)⊗Q = (CH∗(X)⊗Q)G and due to the fact that the formalism of correspondences
carries through with rational coefficients to finite quotients of smooth projective varieties, all
the formalism developed so far in this section carries through, so long as one works with rational
coefficients, to finite quotients of smooth projective varieties. This will prove important in our
examples, since we will take as a birational model for (i) the symmetric quotient S(n) := Sn/Sn
and as a birational model for (iii) a certain quotient An/Sn+1 (see the proof of Theorem 4.8).
3. The birational motive of moduli spaces of sheaves on K3 surfaces
Let S be a complex K3 surface and let v = (v0, v2, v4) ∈ H
0(S,Z) ⊕ H2(S,Z) ⊕ H4(S,Z) be
a primitive class with non-negative Mukai self-intersection v2 := −v0v4 + v2v2 − v4v0 ≥ 0. For
a generic stability condition σ ∈ Stab†(S) with respect to v (see [Bri08]), we denote Mσ(v) the
moduli space of σ-stable objects, in the bounded derived category Db(S) of coherent sheaves
on S, with Mukai vector v ; Mσ(v) is a smooth projective hyper-Ka¨hler variety of dimension
2n = v2 + 2.
In the case of moduli spaces MH(v) of Gieseker-stable sheaves, with Mukai vector v, with
respect to a generic polarization H on the K3 surface S (which are special cases of moduli
spaces of σ-stable objects in Db(S)), Markman [Mar08, §3.4] has established that there exists
an isomorphism between the cohomology algebras of MH(v) and Hilb
n(S) that in addition
preserves the Hodge structures. Recently, Frei [Fre20] extended Markman’s result to positive
characteristic, with ℓ-adic cohomology with its Galois structure, in place of singular cohomology
with its Hodge structure.
Given the above and Beauville’s splitting principle, it is natural to ask whether the Chow
motives of Mσ(v) and Hilb
n(S) are isomorphic as algebra objects. The following theorem gives
evidence by establishing the above in the context of birational motives.
Theorem 3.1. Let S be a K3 surface and let Mσ(v) be a moduli space of stable objects
on S. If 2n denotes the dimension of Mσ(v), then the birational Chow motives h
◦(Mσ(v))
and h◦(Hilbn(S)) are isomorphic as co-algebra objects.
Proof. As in [SYZ17, §2.2], we consider the incidence
R := {(E , ξ) ∈ Mσ(v)×Hilb
n(S)
∣∣ c2(E) = [Supp(ξ)] + c [oS ] ∈ CH0(S)},
where Supp(ξ) is the support of ξ and c ∈ Z is a constant determined by the Mukai vector v, and
let pMσ(v) : R → Mσ(v) and pHilbn(S) : R → Hilb
n(S) be the natural projections. By [MZ20],
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all points on the same fiber of pMσ(v) have the same class in CH0(Hilb
n(S)) and all points on
the same fiber of pHilbn(S) have the same class in CH0(Mσ(v)). Moreover by [SYZ17, Thm. 0.1]
pMσ(v) is dominant, while by the arguments in [O’G13, Prop. 1.3] pHilbn(S) is dominant ; in
fact there exists a component R0 ⊆ R that dominates both factors Mσ(v) and Hilb
n(S). The
varieties Mσ(v) and Hilb
n(S) have same dimension and, up to restricting to a linear section,
we can further assume that R0 is generically finite over both Mσ(v) and Hilb
n(S). By applying
Proposition 2.2, we obtain an isomorphism of birational motives
h◦(Mσ(v))
∼
−→ h◦(Hilbn(S)),
as co-algebra objects. 
4. Motivic surface decomposition
The aim of this section is to study a motivic version of Voisin’s surface decomposition con-
jecture for hyper-Ka¨hler varieties. The results of this section will not be used in the rest of the
paper.
4.1. Voisin’s surface decomposition. We recall the following notion due to Voisin :
Definition 4.1 (Surface decomposition [Voi18]). A projective manifold X of even dimension 2n
is said to be surface decomposable if there exist a projective smooth variety Γ, smooth projective
surfaces S1, . . . , Sn and generically finite morphisms
Γ
φ //
ψ

X
S1 × · · · × Sn
such that for any global 2-form σ ∈ H0(X,Ω2X) there exist global 2-forms τi ∈ H
0(Si,Ω
2
Si
) such
that
φ∗σ = ψ∗
(∑
i
p∗i τi
)
.
Here pi : S1 × · · · × Sn → Si denote the natural projections.
Based on the evidence provided by [Voi18, Thm. 3.3], Voisin formulated :
Conjecture 4.2 (Voisin [Voi18], Surface decomposability for hyper-Ka¨hler varieties). Every
hyper-Ka¨hler variety is surface decomposable.
4.2. Motivic surface decomposition. As will be spelled out in Proposition 4.5 below, the
following notion lifts the notion of Voisin’s surface decomposition to rational equivalence.
Definition 4.3 (Motivic surface decomposition). A smooth projective variety X of even dimen-
sion 2n over a field K is said to be motivically surface decomposable if there exist a projective
variety Γ, smooth projective surfaces S1, . . . , Sn and surjective morphisms
Γ
φ //
ψ

X
S1 × · · · × Sn
such that :
(i) φ∗[p] = φ∗[q] in CH0(XΩ), for any two general points p and q in Γ(Ω) lying on the same
fiber of ψ.
ON THE BIRATIONAL MOTIVE OF HYPER-KA¨HLER VARIETIES 13
Remark 4.4. Equivalently, up to taking a linear section of Γ, one can assume in Definition 4.3
that φ and ψ are generically finite. In that case, (i) is equivalent to (see the proof of Proposi-
tion 2.2) :
(ii) φ∗ψ
∗ψ∗α = deg(ψ)φ∗α in CH0(XΩ), for any zero-cycle α ∈ CH0(ΓΩ).
In addition, as in Remark 2.3, if resolution of singularities holds over K, up to desingularizing Γ,
we may assume that Γ is smooth over K.
It is clear that the notion of motivic surface decomposability is a birational invariant among
smooth projective varieties. Moreover, Proposition 2.2(c) shows that if X has a motivic surface
decomposition as in Definition 4.3, then the co-algebra structure on h◦(X) is determined by
the co-algebra structure on h◦(S1 × · · · × Sn) and hence by the co-algebra structures on the
birational motives h◦(Si), 1 ≤ i ≤ n. The following proposition shows that the notion of
“motivic surface decomposability” is the analogue for rational equivalence of Voisin’s notion of
“surface decomposability” which is purely cohomological.
Proposition 4.5. Let X be a smooth projective complex variety of even dimension. If X is mo-
tivically surface decomposable (Definition 4.3), then it is surface decomposable (Definition 4.1).
Proof. As mentioned in Remark 4.4, up to replacing Γ with a desingularization of a linear section,
we may assume that X has a motivic surface decomposition as in Definition 4.3 with Γ smooth
over K of dimension 2n = dimX. By the Bloch–Srinivas argument [BS83], if φ∗ψ
∗ψ∗−deg(ψ)φ∗
acts trivially on zero-cycles, then its transpose ψ∗ψ∗φ
∗−deg(ψ)φ∗ acts trivially on global k-forms
for all k ≥ 0. In particular, it acts trivially on 2-forms. The latter is equivalent to saying that for
any global 2-form σ ∈ H0(X,Ω2X) there exists a global 2-form τ ∈ H
0(S1 × · · · × Sn,Ω
2
S1×···×Sn
)
such that φ∗σ = ψ∗τ . Indeed, one simply takes τ = 1degψ ψ∗φ
∗σ. Note that this is further
equivalent to the existence of global 2-forms τi ∈ H
0(Si,Ω
2
Si
) such that φ∗σ = ψ∗(
∑
i p
∗
i τi),
where pi : S1 × · · · × Sn → Si are the natural projections, which is the original formulation of
Voisin [Voi18] as laid out in Definition 4.1. 
For the record, we have the following easy result.
Proposition 4.6. Let X and Y be smooth projective varieties of same dimension d over a
field K. Assume either one of the following :
(i) there is a dominant rational map f : Y 99K X, or
(ii) there exist a projective variety Γ and surjective morphisms
Γ
φ //
ψ

X
Y
such that φ∗[p] = φ∗[q] in CH0(XΩ), for any two general points p and q in Γ(Ω) lying on
the same fiber of ψ.
If Y is motivically surface decomposable, then X is motivically surface decomposable.
Proof. More generally, suppose there exist a smooth projective variety Z of dimension d and a
projective variety Γ′ with surjective morphisms
Γ′
φ′ //
ψ′

Y
Z
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such that φ′∗[p] = φ
′
∗[q] in CH0(YΩ), for any two general points p and q in Γ(Ω) lying on the
same fiber of ψ′.
In case (i), if π : Γ˜ → Γ′ denotes a resolution of f ◦ φ′ : Γ′ 99K X, then as in Remark 2.3
we note that Φ := f ◦ φ ◦ π : Γ˜ → X and Ψ := ψ ◦ π : Γ˜ → Z are such that Φ∗[p] = Φ∗[q] in
CH0(XΩ), for any two general points p and q in Γ(Ω) lying on the same fiber of Ψ.
In case (ii), we form the cartesian square
Γ×Y Γ
′ φΓ //
ψΓ′

Γ
ψ

φ // X
Γ′
φ′ //
ψ′

Y
Z.
Since φΓ maps fibers of ψΓ′ to fibers of ψ, we have that Φ := φ ◦ φΓ and Ψ := ψ
′ ◦ ψΓ′ are such
that Φ∗[p] = Φ∗[q] in CH0(XΩ), for any two general points p and q in (Γ×Y Γ
′)(Ω) lying on the
same fiber of Ψ. 
We ask whether Voisin’s conjecture can be upgraded to rational equivalence :
Conjecture 4.7 (Motivic surface decomposability for hyper-Ka¨hler varieties). Let X be a hyper-
Ka¨hler variety of dimension 2n. Then X is motivically surface decomposable, in the sense of
Definition 4.3.
The main result of this section provides evidence for Conjecture 4.7 :
Theorem 4.8. The hyper-Ka¨hler varieties (i), (ii), (iii), (iv) and (v) are motivically surface
decomposable. Moreover, one may choose the surfaces S1, . . . , Sn as in Definition 4.3 to be the
same.
Proof. Case (i). Obviously, Sn has a motivic surface decomposition, and we apply Proposi-
tion 4.6 to the dominant rational map f : Sn 99K Hilbn(S) which is the composition of the
quotient morphism Sn → S(n) := Sn/Sn with the inverse of the (birational) Hilbert–Chow
morphism Hilbn(S)→ S(n).
Case (ii). This reduces to the case (i) via Proposition 4.6. Indeed, as in the proof of Theo-
rem 3.1, we have generically finite and surjective morphisms
R0
pHilbn(S)

pMσ(v) // Mσ(v)
Hilbn(S),
such that all points on the same fiber of pHilbn(S) have same class in CH0(Mσ(v)).
Case (iii). Recall that the n-th generalized Kummer variety Kn(A) associated to an abelian
surface A is a fiber of the isotrivial fibration Hilbn+1(A)→ A that is the composite of the Hilbert–
Chow morphism Hilbn+1(A)→ An+1/Sn+1 with the sum morphism Σ : A
n+1/Sn+1 → A. The
restriction of the Hilbert–Chow morphism provides a birational morphism from Kn(A) to the
variety An+10 /Sn+1, where A
n+1
0 is the fiber over 0 of the sum morphism Σ : A
n+1 → A and the
action of the symmetric group Sn+1 is the one induced from the action on A
n+1 permuting the
factors. We thereby obtain a dominant rational map An 99K Kn(A) and we may conclude with
Proposition 4.6.
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Case (iv). Let Y be a smooth cubic fourfold and let AY be its Kuznetsov component, i.e.,
AY := {E ∈ D
b(Y )
∣∣ Ext∗Db(Y )(OY (i), E) for i = 0, 1, 2}.
In other words, we have a semi-orthogonal decomposition Db(Y ) = 〈AY ,OY ,OY (1),OY (2)〉.
Let D ⊂ F (Y ) be a uniruled divisor over a surface B,
D 
 j //
q
✤
✤
✤
F (Y ).
B
Such a divisor is provided for instance by [CMP19] ; explicit examples are also given in [Voi04]
and [SY, Lem. 1.8]. The rational map q induces an isomorphism q∗ : CH0(D)
∼
−→ CH0(B), and
for k > 0 the embedding j induces a morphism j
(k)
∗ : CH0(B
(k)) → CH0(F (Y )), where B
(k)
denotes the k-th symmetric power of B. We consider now a moduli space M of stable sheaves
on AY and denote 2n its dimension. Following [SY, §3.2], we consider the incidence
R := {(E , ξ) ∈M ×B(n)
∣∣ c3(E) = [P ]∗j(n)∗ [ξ] + c [l0] ∈ CH1(Y )}
together with the two natural projections pM : R → M and pB(n) : R → B
(n). Here, P :=
{(l, y) ∈ F (Y ) × Y : y ∈ l} is the cylinder correspondence and l0 is any line on Y with class
1
3 [c1(OY (1))]
3. On the one hand, by [SY, Prop. 3.4], two objects E1 and E2 satisfy [E1] =
[E2] ∈ CH0(M) if and only if c3(E1) = c3(E2) ∈ CH1(Y ) ; in particular, all points on the same
fiber of pB(2) have the same class in CH0(M). On the other hand, by [SY, Prop. 3.5], assuming
pM : R→M is dominant, there is a component R0 ⊆ R such that both projections pM : R→M
and pB(2) : R → B
(2) restricted to R0 are dominant and generically finite. Combining both
facts above establishes that M is motivically surface decomposable, provided pM : R → M is
dominant.
In order to establish (iv), it thus suffices to obtain a modular interpretation M of F (Y ) and
to show that the corresponding map pM : R→M is dominant.
First, we recall how the Fano variety F (Y ) of lines on Y can be viewed as a moduli of stable
objects in AY . Let l be a line on Y . Denote Il the ideal sheaf of l in Y and consider the stability
condition on coherent sheaves on Y induced by the projective embedding Y ⊂ P5. Following
[MS12, §2.3], it was observed in [KM09] that the stable coherent sheaf Fl := ker(O
⊕4
Y −→ Il(1))
belongs toAY . Moreover, in [KM09, Prop. 5.5], F (Y ) is identified with the connected component
of the moduli space of stable sheaves containing the objects Fl for any line l ⊂ Y . Now define
Pl := cone
(
ev∨ : Fl(−1) −→ RHom(Fl(−1),OY (−1))
∨ ⊗OY (−1)
)
[−1].
The object Pl still belongs to AY , and in D
b(Y ) we have a distinguished triangle
OY (−1)[1] // Pl // Il. (6)
Moreover, as explained in [MS12, §2.3], the Fano variety F (Y ) of lines on Y identifies with
the moduli space of the objects Pl ∈ AY . By [LPZ18, Thm. 1.1], the objects Pl are stable
(with respect to a Bridgeland stability condition) with Mukai vector λ1 + λ2 (with λ1 and λ2
as defined e.g. in [LPZ18, §2.2]) and F (Y ) identifies with the moduli space M := Mσ(λ1 + λ2).
Consequently, the points of M are given by the stable objects Pl ∈ AY for varying l ∈ F (Y ).
Second, we conclude by showing that pM : R → M is dominant. For that purpose, it is
sufficient to show that for all lines l ⊂ Y , we have c3(Pl) ∈ S
SY
2 (Y ), where S
SY
• (Y ) is the
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ascending filtration of Shen–Yin [SY] on CH1(Y ) defined by
SSYk (Y ) := {[P ]∗j
(k)
∗ [ξ] +Z [l0] : ξ ∈ B
(k)} ⊆ CH1(Y ).
(Note that SSY• does not depend on the choice of uniruled divisor by [SY, Lem. 1.1].) Due to (6),
we have the following identity involving total Chern classes
c(Pl) = c(Il) · c(OY (−1))
−1 ∈ CH∗(Y ).
Since the ideal sheaf Il is supported on l, we have ci(Il) = 0 for i < 3. It follows that
c3(Pl) = c3(Il) ∈ CH
3(Y ).
However, by [SY, Thm. 0.4], we have c3(Il) ∈ S
SY
2 (Y ), and we conclude that c3(Pl) ∈ S
SY
2 (Y ),
as desired.
Case (v). Let Y be a smooth cubic fourfold not containing a plane, let F be its Fano variety
of lines and let Z be the associated LLSvS eightfold. By considering µ : F × F 99K Z the
dominant rational map of degree 6 constructed by Voisin [Voi16, Prop. 4.8], we obtain thanks
to case (iv) and Proposition 4.6 a motivic surface decomposition for Z. 
Remark 4.9. We note that, for any surface B obtained as the base of a uniruled divisor
on the Fano variety F (Y ) of lines on a smooth cubic fourfold Y , we obtain a motivic surface
decomposition (and hence a surface decomposition by Proposition 4.5) for F (Y ) in terms of
B × B. This should be compared to [Voi18, Thm. 3.3(1)], where the surface involved in the
surface decomposition of F (Y ) is the surface B = Σ2 of lines of second type on Y .
Remark 4.10 (Moduli spaces of stable objects on AY ). Let M be a moduli space of stable
objects on AY and let 2n be its dimension. The proof of Theorem 4.8(iv) shows that M is
motivically surface decomposable if pM : R → M is dominant, or equivalently if for any object
E ∈M we have c3(E) ∈ S
SY
n (Y ). The latter is precisely [SY, Conj. 0.3].
Finally, in view of Proposition 4.5, we obtain a surface decomposition in the sense of Voisin
(Definition 4.1) for all hyper-Ka¨hler varieties listed in the statement of Theorem 4.8. In partic-
ular, the following corollary completes the list of [Voi18, Thm. 3.3] :
Corollary 4.11. (a) Moduli of stable objects on K3 surfaces are surface decomposable.
(b) Let M be a moduli of stable objects on the Kuznetsov component AY of a smooth cubic
fourfold Y . If M satisfies [SY, Conj. 0.3], then M admits a surface decomposition and the
surfaces involved can be chosen to be pairwise equal and to be equal to any surface B obtained
as the base of a uniruled divisor on the Fano variety F (Y ).
Proof. Case (a) is the combination of Theorem 4.8 and Proposition 4.5. Case (b) was outlined
in Remark 4.10 (see also Remark 4.9). 
5. Co-multiplicative birational Chow–Ku¨nneth decomposition
5.1. Birational Chow–Ku¨nneth decompositions. The following definitions are borrowed
from Shen [She16, §3]. Fix a Weil cohomology theory H• for smooth projective varieties defined
over K ; e.g., ℓ-adic cohomology for ℓ 6= char(K), or Betti cohomology if K ⊆ C. For a smooth
projective variety X over K, we then define its transcendental cohomology to be the quotient
Hktr(X) := H
k(X)/N1Hk(X),
where N• denotes the coniveau filtration :
NrHk(X) :=
∑
Z⊆X
ker
(
Hk(X)→ Hk(X \ Z)
)
,
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where the sum is over all codimension-r closed subsets Z of X. Note that, e.g. by [ACV20,
§1.1], the action of correspondences preserves the coniveau filtration. Note also that, due to the
Hard Lefschetz theorem, we have that Hktr(X) = 0 as soon as k > dimX. Now a morphism
γ ∈ Hom(h◦(X), h◦(Y )) = CH0(YK(X)) induces a homomorphism
γ∗ : Hktr(Y )→ H
k
tr(X),
obtained by letting a lift of γ to CHdimX(X × Y ) act on Hk(Y ) ; this is well-defined since the
difference of any two lifts is a correspondence supported on D × Y for some divisor D ⊆ X
and hence sends Hk(Y ) into N1Hk(X). Therefore, given a birational motive ̟h◦(X), one may
define its transcendental cohomology H∗tr(̟h
◦(X)) as ̟∗H∗tr(X). Note however that H
∗
tr does
not define a ⊗-functor from the category of birational motives to the category of graded vector
spaces ; for instance, if C is a smooth projective curve, then H1tr(C)⊗H
1
tr(C) ( H
2
tr(C×C) since
H2tr(C × C) does not contain the (1, 1)-component of the diagonal ∆C .
Definition 5.1 (Birational Chow–Ku¨nneth decomposition). Let X be a smooth projective
variety over a fieldK of dimension d. A birational Chow–Ku¨nneth decomposition {̟X0 , . . . ,̟
X
d }
of h◦(X) is a decomposition
idh◦(X) =
d∑
k=0
̟Xk
such that
(a) ̟Xi ◦̟
X
j = 0 for all i 6= j ;
(b) ̟Xk ◦̟
X
k = ̟
X
k for all k ;
(c) (̟Xk )
∗ : Hltr(X)→ H
l
tr(X) is the identity if k = l and is zero otherwise.
We then write h◦i (X) := ̟
X
i h
◦(X) = (X,̟Xi ), so that we have the decomposition
h◦(X) = h◦0(X) ⊕ · · · ⊕ h
◦
d(X).
If X has a Chow–Ku¨nneth decomposition {π0X , . . . , π
2d
X } (in the sense of Murre [Mur93]), then
̟Xi := (π
2d−i
X )|k(X)×X defines a birational Chow–Ku¨nneth decomposition. In particular, in view
of Murre’s conjecture [Mur93], a birational Chow–Ku¨nneth decomposition is expected to exist
for all smooth projective varieties. Moreover, the descending filtration F • on CH0(X) defined
by
F kCH0(X) := CH0
(
h◦k(X)⊕ · · · ⊕ h
◦
d(X)
)
(7)
is expected to be independent of the choice of a birational Chow–Ku¨nneth decomposition and
to coincide with the conjectural Bloch–Beilinson filtration ; see [Jan94, §5]. Finally, having a
birational Chow–Ku¨nneth decomposition is a stably birational invariant ; see [She16, Prop. 3.4].
5.2. Co-multiplicative birational Chow–Ku¨nneth decompositions.
Definition 5.2 (Co-multiplicative birational Chow–Ku¨nneth decomposition). LetX be a smooth
projective variety of dimension d over a field K. A birational Chow–Ku¨nneth decomposition
{̟X0 , . . . ,̟
X
d } of h
◦(X) is said to be co-multiplicative if the induced decomposition
h◦(X) = h◦0(X)⊕ · · · ⊕ h
◦
d(X), h
◦
k(X) := ̟
X
k h
◦(X)
defines a unital grading of the co-algebra object h◦(X).
Lemma 5.3. A birational Chow–Ku¨nneth decomposition {̟X0 , . . . ,̟
X
d } of h
◦(X) is co-multiplicative
if and only if
(a) ̟X0 = oK(X) for some zero-cycle o ∈ CH0(X), and
(b) (̟Xi ⊗̟
X
j ) ◦ δX ◦̟
X
k = 0 for all k 6= i+ j.
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Proof. We note that, due to the fact that the idempotents ̟Xk act as zero on H
0(X) = H0tr(X) for
k > 0, the degree map ǫ : h◦(X)→ 1 (which is induced by the structure morphismX → SpecK)
restricts to the zero map on h◦(X) :=
⊕
k>0 h
◦
k(X) for any choice of birational Chow–Ku¨nneth
decomposition. Therefore the birational Chow–Ku¨nneth decomposition {̟X0 , . . . ,̟
X
d } of h
◦(X)
is co-multiplicative if and only if the degree morphism ǫ : h◦(X)→ 1 is such that ǫ0 : h
◦
0(X)
∼
−→ 1
is an isomorphism of co-algebra objects, and the induced grading is a co-algebra grading, i.e.,
for all k the restriction of the co-multiplication
h◦k(X) →֒ h
◦(X) −→ h◦(X)⊗ h◦(X) factors through
⊕
i+j=k
h◦i (X)⊗ h
◦
j (X).
The latter is equivalent to (b). We note that ǫ0 : h
◦
0(X)
∼
−→ 1 is an isomorphism of birational
motives if and only if ̟X0 = oK(X) with o = ǫ
−1
0 ∈ Hom(1, h
◦(X)) = CH0(X). In order to
conclude, we observe that ̟X0 being an idempotent forces deg o = 1, and then that (b) forces
o : 1→ h◦(X) to be a unit, i.e. to be a co-algebra morphism. 
In terms of zero-cycles, and working with rational coefficients, Lemma 2.1 and Lemma 5.3
show that a birational Chow–Ku¨nneth decomposition {̟X0 , . . . ,̟
X
d } is co-multiplicative if and
only if
CH0(XΩ)(k) := (̟
X
k )∗CH0(XΩ) = Hom(1Ω, (XΩ,̟
X
k ))
defines a grading on CH0(XΩ) with the property that
(a) CH0(XΩ)(0) = Qo for some zero-cycle o ∈ CH0(X) (necessarily of degree 1), and
(b) CH0(XΩ)(k) →֒ CH0(XΩ)
δ
→ CH0(XΩ ×Ω XΩ) factors through
im
( ⊕
k=i+j
CH0(XΩ)(i) ⊗ CH0(XΩ)(j) →֒ CH0(XΩ)⊗ CH0(XΩ)→ CH0(XΩ ×Ω XΩ)
)
.
Later on, we will say that this grading on CH0(XΩ), induced by a co-multiplicative birational
Chow–Ku¨nneth decomposition, is a δ-grading ; see Definition 6.2 and Proposition 6.3
Having a co-multiplicative birational Chow–Ku¨nneth decomposition is a stable birational
invariant among smooth projective varieties. In addition, it is stable under product ; indeed, if
{̟Xi } and {̟
Y
j } denote co-multiplicative birational Chow–Ku¨nneth decompositions for smooth
projective varieties X and Y respectively, then it is straightforward to check that {̟X×Yk :=∑
k=i+j̟
X
i ⊗̟
Y
j } defines a co-multiplicative birational Chow–Ku¨nneth decompositions for the
product X × Y .
Recall that a Chow–Ku¨nneth decomposition {π0X , . . . , π
2d
X } for X is multiplicative if the in-
duced decomposition h(X) = h0(X) ⊕ · · · ⊕ h2d(X), hk(X) := πkXh(X), defines an algebra
grading ; see [SV16, Def. 8.1] for the definition and [FLV19b] for an overview. We note that if a
smooth projective variety X admits amultiplicative Chow–Ku¨nneth decomposition {π0X , . . . , π
2d
X }
with π2dX = X × o for some zero-cycle o ∈ CH0(X), then the birational Chow–Ku¨nneth decom-
position given by ̟Xi := (π
2d−i
X )|k(X)×X is co-multiplicative. For instance, the canonical Chow–
Ku¨nneth decomposition [DM91] of an abelian variety is multiplicative and thereby provides
a co-multiplicative birational Chow–Ku¨nneth decomposition. In [SV16, Conj. 4], it is conjec-
tured that all hyper-Ka¨hler varieties admit a multiplicative Chow–Ku¨nneth decomposition ; in
particular, it implies
Conjecture 5.4 (Co-multiplicative birational Chow–Ku¨nneth decomposition for hyper-Ka¨hler
varieties). Every hyper-Ka¨hler variety admits a co-multiplicative birational Chow–Ku¨nneth de-
composition.
ON THE BIRATIONAL MOTIVE OF HYPER-KA¨HLER VARIETIES 19
As for multiplicative Chow–Ku¨nneth decompositions, co-multiplicative birational Chow–Ku¨nneth
decompositions may not be unique in general : e.g. for abelian varieties, where any translate of
a co-multiplicative birational Chow–Ku¨nneth decomposition provides a co-multiplicative bira-
tional Chow–Ku¨nneth decomposition. However, in the case of hyper-Ka¨hler varieties, we would
further expect a co-multiplicative birational Chow–Ku¨nneth decomposition to be unique.
Theorem 5.5. A smooth projective variety birational to one of the hyper-Ka¨hler varieties (i),
(ii), (iii) or (iv) admits a co-multiplicative birational Chow–Ku¨nneth decomposition.
Proof. As explained above, the theorem in cases (i) and (iii) follows directly from the existence
of a multiplicative Chow–Ku¨nneth decomposition which was previous established in [Via17] in
case (i) and in [FTV19] in case (iii). Note however that these existence results are dependent
on an unpublished result of Voisin [Voi15, Thm. 5.12] ; see [NOY19] for an independent proof in
case (i). We therefore provide here a direct proof of (i) and (iii), which also exemplifies the fact
that birational Chow–Ku¨nneth decompositions are easier to construct and to deal with than
usual Chow–Ku¨nneth decompositions.
Case (i). Let us first assume n = 1, and denote o any point lying on a rational curve on S.
Then we claim that {̟S0 := ηS × o,̟
S
2 := ∆S|ηS×S −̟
S
0 } defines a co-multiplicative birational
Chow–Ku¨nneth decomposition. With respect to this decomposition, we have
CH0(S)(0) = Q[o] and CH0(S)(2) = 〈[p]− [o], p ∈ S〉.
In order to check that this decomposition is co-multiplicative, we have to prove that the cycle
(δS)∗([p]− [o]) = [(p, p)]− [(o, o)] belongs to
im
(
CH0(S)(0) ⊗ CH0(S)(2) ⊕ CH0(S)(2) ⊗ CH0(S)(0) −→ CH0(S × S)
)
for all points p ∈ S. In fact, for all points p ∈ S, we have
[(p, p)]− [(o, o)] =
(
[(o, p)] − [(o, o)]
)
+
(
[(p, o)] − [(o, o)]
)
in CH0(S × S),
which establishes the claim. This can be seen by applying the modified diagonal relation of
Beauville–Voisin [BV04] to [p] (which is itself equivalent to the fact that {π0S = o × S, π
4
S =
S × o, π2S = ∆S − π
0
S − π
4
S} defines a multiplicative Chow–Ku¨nneth decomposition by [SV16,
Prop. 8.4]). More simply, this follows from the fact that K3 surfaces are swept out by elliptic
curve : take E a possibly singular elliptic curve in S passing through p, then by the Bogomolov–
Mumford theorem E intersects a rational curve in S, that is, E contains a point q rationally
equivalent to o in S. But then pushing forward the relation ([p]− [q], [p]− [q]) = 0 ∈ CH0(E×E)
to CH0(S × S) yields the desired relation.
Now, the co-multiplicative birational Chow–Ku¨nneth decomposition {̟S0 ,̟
S
2 } provides the
co-multiplicative birational Chow–Ku¨nneth decomposition on Sn given by
̟S
n
i =
∑
i1+···+in=i
̟Si1 ⊗ · · · ⊗̟
S
in .
Its symmetrization provides then a co-multiplicative birational Chow–Ku¨nneth decomposition
for Hilbn(S).
Case (ii). This follows directly from (i) and Theorem 3.1.
Case (iii). As in the proof of Theorem 4.8(iii), we have thatKn(A) is birational to A
n+1
0 /Sn+1.
Identifying An+10 with A
n, it is thus enough to show that An has a Sn+1-equivariant multiplica-
tive Chow–Ku¨nneth decomposition with π2nAn = A
n × 0. Here the transpositions (i, j) act by
permuting the i-th and j-th factors of An for i, j ≤ n, while the transposition (n, n + 1) acts
as (x1, . . . , xn−1, xn) 7→ (x1, . . . , xn−1,−
∑
i xi). Recall that Deninger and Murre [DM91] have
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constructed canonical Chow–Ku¨nneth projectors for abelian varieties and that these can be ex-
pressed as rational polynomials of the multiplication-by-m map for integers m 6= −1, 0, 1 ; see
e.g. (12) below. As such, these provide a multiplicative Chow–Ku¨nneth decomposition, and
additionally we have π2gA = A× 0A, where g is the dimension of A. Consider now the Deninger–
Murre projectors for the abelian variety An, and observe that they are Sn+1-invariant since the
action of Sn+1 commutes with the multiplication-by-m maps on A
n.
Case (iv). Let ϕ : F 99K F be Voisin’s rational self-map [Voi04]. It is known [AV08] that
ϕ∗σ = −2σ for σ a global two-form on F . It was shown in [SV16, Thm. 21.9] that the action
of ϕ∗ on CH0(F ) diagonalizes with eigenvalues 1, −2 and 4. The projectors for this eigenspace
decomposition are polynomials in ϕ∗ and define a birational Chow–Ku¨nneth decomposition
for F . In addition, we have π8F = F×o, where o is the canonical zero-cycle on F of Voisin [Voi08].
Since δF ◦ϕ = (ϕ×ϕ)◦δF as rational maps F 99K F ×F , this decomposition is co-multiplicative.

Remark 5.6 (Explicit description in case (i)). With respect to the co-multiplicative birational
Chow–Ku¨nneth decomposition constructed in the proof of Theorem 5.5(i), we can describe
explicitly the induced decomposition of CH0(Hilb
n(S)), namely writing CH0(Hilb
n(S))(2k) :=
CH0(h
◦
2k(Hilb
n(S))), we have
CH0(Hilb
n(S))(2k) = 〈 (Z∗o)
n−k ·
k∏
i=1
(Z∗xi − Z∗o)
∣∣ x1, . . . , xk ∈ S 〉,
where Z is the cycle class of the codimension-2 subset {(x, ξ)
∣∣ x ∈ supp(ξ)} ⊂ S × Hilbn(S).
Note that, for any x1, . . . , xn ∈ S, the zero-cycle (Z∗x1) · · · (Z∗xn) is the class of any point with
support
∑
i xi ; sometimes we simply write it [x1, . . . , xn]. For the induced ascending filtration,
we have
GkCH0(Hilb
n(S)) := CH0
(
h◦0(Hilb
n(S))⊕ · · · ⊕ h◦2k(Hilb
n(S)
)
= 〈 [x1, . . . , xk, o, . . . , o]
∣∣ x1, . . . , xk ∈ S 〉.
Remark 5.7 (Explicit description in case (iv)). By [SV16], we have an explicit description of the
decomposition on CH0(F ) induced by the co-multiplicative birational Chow–Ku¨nneth decom-
position constructed in the proof of Theorem 5.5. Namely, writing CH0(F )(2k) = CH0(h
◦
2k(F )),
we have
CH0(F )(0) = Qo ;
CH0(F )(2) = 〈[l]− o
∣∣ l is a line of second type〉 ;
CH0(F )(4) = 〈[l1] + [l2] + [l3]− 3o
∣∣ (l1, l2, l3) is a triangle〉.
Here, we say that a line l is of second type if there exists a line P3 inside P5 that is tangent to the
cubic fourfold Y along the line l; and we say that (l1, l2, l3) forms a triangle if there exists a linear
P2 inside P5 such that Y ∩P2 = l1∪l2∪l3. Moreover, the above-defined co-multiplicative Chow–
Ku¨nneth decomposition is the decomposition induced by the Chow–Ku¨nneth decomposition of
the Chow motive h(F ) constructed in [FLV19a, §A.2.1] under the ⊗-functor sending effective
motives to birational motives.
Remark 5.8 (Double EPW sextics). If X is a double EPW sextic, then its anti-symplectic
involution ι provides a birational Chow–Ku¨nneth decomposition. Indeed, let o ∈ X denote a ι-
invariant point on X and define π0X := X×o, and then define π
2
X and π
4
X to be the projectors on
the ι-invariant and ι-anti-invariant parts of (X,∆X − π
0
X) respectively. The restriction of those
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projectors to h◦(X) then define a birational Chow–Ku¨nneth decomposition and with respect to
this decomposition we have
CH0(X)(0) = Qo, CH0(X)(2) = (CH0(X)hom)
− and CH0(X)(4) = (CH0(X)hom)
+,
where the subscript + indicates the ι-invariant part and the subscript − indicates the ι-anti-
invariant part. In case X is birational to the Hilbert square of a K3 surface, this decomposition
coincides by [LV20, Thm. 3.6] with the one of (i), and is thus co-multiplicative.
5.3. On the co-generation of the birational motive of a smooth projective variety.
We have the following general expectation coming from the Bloch–Beilinson philosophy :
Conjecture 5.9. Let X be a smooth projective variety and let i be a positive integer. Assume
that H∗tr(X) is generated by H
i
tr(X). Then there exists a birational idempotent ̟
X
i ∈ End(h
◦(X))
with (̟Xi )
∗H∗tr(X) = H
i
tr(X), and, for any choice of such an idempotent ̟
X
i , the co-algebra
object h◦(X) is co-generated by h◦i (X) := (X,̟
X
i ), meaning that the morphism
h◦(X) // Sym∗ h◦i (X)
co-induced by the split surjection h◦(X)։ h◦i (X) is split injective.
Very recently, Voisin conjectured [Voi20, Conj. 2.11] that two points x and y on a smooth pro-
jective variety X with H∗tr(X) generated by H
2
tr(X) are rationally equivalent if and only if they
have same class in CH0(X)/F
3
BBCH0(X). Here F
3
BBCH0(X) := ∩ ker(Γ∗ : CH0(X)→ CH0(Σ)),
where the intersection runs through all smooth projective surfaces Σ and all correspondences
Γ ∈ CH2(X × Σ), is an explicit candidate for the third step of the conjectural Bloch–Beilinson
filtration. Working instead with the filtration induced by a birational Chow–Ku¨nneth decompo-
sition (which conjecturally should give the conjectural Bloch–Beilinson filtration), we can relate
our expectation on co-generation (Conjecture 5.9) to Voisin’s expectation :
Proposition 5.10. Let X be a smooth projective variety. Let h◦̟(X) := (X,̟) be a direct
summand of h◦(X) and assume that h◦(X) is co-generated by h◦̟(X). If x and y are two points
on X, then
[x] = [y] ∈ CH0(X) ⇐⇒ ̟∗[x] = ̟∗[y] ∈ CH0(X).
Proof. First, we note that clearly [x] = [y] implies ̟∗[x] = ̟∗[y], irrespective of the co-
generation assumption. Under the morphism h◦(X) → Sym∗ h◦̟(X), the class of a point x is
mapped to 1+(̟)∗[x]+(̟⊗̟)∗δ∗[x]+ · · ·+(̟
⊗n)∗δ
n−1
∗ [x]+ · · · . Since δ
k
∗ [x] = [x]×· · ·× [x] ∈
CH0(X
k+1), we find that
x 7→ 1 +̟∗[x] +̟∗[x]×̟∗[x] + · · ·+̟∗[x]× · · · ×̟∗[x] + · · · .
Now, under the assumption that h◦(X) is co-generated by h◦̟(X), the morphism h
◦(X) →
Sym≤n h◦̟(X) is split injective for some n > 0, and it is then apparent that ̟∗[x] = ̟∗[y]
implies [x] = [y] in CH0(X). 
The following proposition shows that, for smooth projective varieties with transcendental
cohomology generated in pure degree (e.g. hyper-Ka¨hler varieties), the existence of a strict
grading on the birational motive of a smooth projective variety is equivalent to the existence
of a co-multiplicative birational Chow–Ku¨nneth decomposition with a certain co-generation
property :
Proposition 5.11. Let X be a smooth projective variety with H∗tr(X) generated by H
i
tr(X) ;
e.g., X a hyper-Ka¨hler variety and i = 2. A decomposition h◦(X) = h◦(X)(0) ⊕ · · · ⊕ h
◦(X)(n)
defines a strict grading on the birational motive h◦(X) seen as a co-algebra object, if and only if,
setting h◦ki(X) := h
◦(X)(k), the decomposition h
◦(X) = h◦0(X)⊕ h
◦
i (X) ⊕ · · · ⊕ h
◦
ni(X) defines a
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co-multiplicative birational Chow–Ku¨nneth decomposition such that the co-algebra object h◦(X)
is co-generated by h◦i (X).
Proof. Clearly, we only need to check that if h◦(X) = h◦(X)(0) ⊕ · · · ⊕ h
◦(X)(n) defines a strict
grading, then h◦(X) = h◦0(X)⊕h
◦
i (X)⊕· · ·⊕h
◦
ni(X) with h
◦
ki(X) := h
◦(X)(k) defines a birational
Chow–Ku¨nneth decomposition. Note that a strict grading on h◦(X) defines a strict grading on
the co-algebra H∗tr(X)
∨ ; in particular, H∗tr(X)
∨ is pointed irreducible. By [Swe69, Lem. 11.2.1],
it is enough to check that Hitr(X)
∨ consists exactly of the primitive elements of the pointed
irreducible co-algebra H∗tr(X)
∨, i.e., that
Hitr(X)
∨ = ker(δ¯∗ : H
∗
tr(X)
∨ → H∗tr(X)
∨ ⊗H∗tr(X)
∨).
The inclusion ⊆ is clear since δ¯∗ is graded. Regarding the converse inclusion, still using that δ¯∗
is graded, it is enough to show that if τ∨ 6= 0 ∈ Hkitr (X)
∨ for some k > 1, then δ¯∗τ
∨ 6= 0. By
the generation assumption, we may write τ =
∑
σ1 ∪ · · · ∪ σk for some σr in H
i
tr(X). But then
(δ∗τ
∨)(
∑
(σ1 ∪ · · · ∪ σk−1) × σk) = τ
∨(δ∗(
∑
(σ1 ∪ · · · ∪ σk−1) × σk)) = τ
∨(τ) = 1, where the
first equality comes from Poincare´ duality. Hence, δ∗τ
∨ has a non-zero component of bi-degree
((k − 1)i, i), and it follows that δ¯∗τ
∨ 6= 0. 
5.4. On the co-generation of the birational motive of a hyper-Ka¨hler variety. Let
now X be a hyper-Ka¨hler variety of dimension 2n. Assuming the generalized Hodge conjecture
for X, the Hodge structures H2ktr (X) are generated by σ
k for a generator σ of H0(X,Ω2X) and we
also have H2k+1tr (X) = 0 for all k. Thus, conjecturally, cup-product induces a surjection, with
kernel supported in codimension 1 :
Sym≤nH2tr(X) // // H
∗
tr(X).
Combining Conjecture 5.4 with Conjecture 5.9, and taking into account that the kernel is sup-
ported in codimension 1, suggests the following (slight) strengthening of Conjecture 1 :
Conjecture 5.12. Let X be a hyper-Ka¨hler variety of dimension 2n and assume h◦(X) admits a
co-multiplicative birational Chow–Ku¨nneth decomposition h◦(X) = h◦0(X)⊕h
◦
2(X)⊕· · ·⊕h
◦
2n(X).
Then this unital grading is a strict grading. More strongly, the graded co-algebra morphism
h◦(X)
∼ // Sym≤n h◦2(X)
co-induced by the graded split surjection h◦(X)։ h◦2(X) is an isomorphism.
Theorem 5.13. The birational motives of the hyper-Ka¨hler varieties (i), (ii), (iii) and (iv),
equipped with the co-multiplicative birational Chow–Ku¨nneth decomposition provided by Theo-
rem 5.5, satisfy the conclusion of Conjecture 5.12.
Proof. In the general situation whereM =M(0)⊕· · ·⊕M(n) is a unital graded co-algebra object
in a ⊗-category C over a ring R, recall that the induced co-algebra morphism M → T ∗M(1) is
graded and that the composition M(k) →֒M →M
⊗k → (M(1))
⊗k is nothing but the restriction
of δ¯k−1 toM(k) ; see §1. In addition, if R contains Q and if C is pseudo-abelian, then the resulting
graded morphism of co-algebra objects M → T≤nM(1) factors through Sym
≤nM(1). Therefore,
in order to show that M → Sym≤nM(1) is an isomorphism of graded co-algebras, it is enough
to produce inverses to the morphisms δ¯k−1 :M(k) → Sym
kM(1) for all k > 1.
In the case of a hyper-Ka¨hler variety X with a co-multiplicative birational Chow–Ku¨nneth
decomposition h◦(X) = h◦0(X) ⊕ h
◦
2(X) ⊕ · · · ⊕ h
◦
2n(X), it thus suffices to produce for all
k > 1 morphisms 1
k!µ
k : Symk h◦2(X) → h
◦
2k(X) inverse to δ¯
k−1 : h◦2k(X) → Sym
k h◦2(X),
or, equivalently by Lemma 2.1, such that µk∗ ◦ δ¯
k−1
∗ = k! id : CH0(X)(2k) → CH0(X)(2k) and
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δ¯k−1∗ ◦ µ
k
∗ = k! id : CH0(Sym
k h◦2(X)) → CH0(Sym
k h◦2(X)). (The reason for introducing the
factor k! lies in (16) – this is also related to the notion of divided power Hopf algebra, although
δ and µ do not endow Sym≤n h◦2(X) with the structure of a bi-algebra.)
Case (i). We take on the notation of Remark 5.6. We start by recalling that, defining
CH0(Hilb
n(S))(2k) := CH0(h
◦
2k(Hilb
n(S))), we have
CH0(Hilb
n(S))(2k) = 〈 (Z∗o)
n−k ·
k∏
i=1
(Z∗xi − Z∗o)
∣∣ x1, . . . , xk ∈ S 〉,
which in case k = 1 takes the simple form
CH0(Hilb
n(S))(2) = 〈[x, o, . . . , o]− [o, o, . . . , o]
∣∣ x ∈ S〉.
We also note that the idempotent ̟2 cutting h
◦
2(Hilb
n(S))) acts explicitly on CH0(Hilb
n(S)) by
(̟2)∗[x1, . . . , xn] =
n∑
i=1
(
[xi, o, . . . , o]− [o, . . . , o]
)
.
On the one hand, we define
µk : h◦2(Hilb
n(S))⊗k → h◦2k(Hilb
n(S))
as the birational correspondence sending
a1 × · · · × ak 7→ (Z∗o)
n−k ·
k∏
i=1
Z∗ai,
where ai := [xi, o, . . . , o] − [o, o, . . . , o] ∈ CH0(Hilb
n(S))(2). Clearly, µ
k is invariant under the
action of the symmetric group Sk and thereby provides a morphism
µk : Symk h◦2(Hilb
n(S))→ h◦2k(Hilb
n(S)).
On the other hand, we have δ¯k−1[x1, . . . , xn] = ([x1, . . . , xn]− [o, . . . , o])
×k (see (9) below). Now
since δ¯k−1 maps h◦2k(Hilb
n(S)) into the direct summand Symk h◦2(Hilb
n(S)), we find that
δ¯k−1[x1, . . . , xk, o, . . . , o] =
(
(̟2)∗([x1, . . . , xk, o, . . . , o]− [o, . . . , o])
)×k
=
(
a1 + · · ·+ ak
)×k
=
∑
σ∈Sk
aσ(1) × · · · × aσ(k),
where again ai := [xi, o, . . . , o]− [o, . . . , o] and where the last equality is due to (ai)
×2 which itself
follows from the fact (see the proof of Theorem 5.5(i)) that ([xi]−o)×([xi]−o) = 0 ∈ CH0(S×S).
It is then apparent that 1
k!µ
k provides an inverse to δ¯k−1.
Case (ii) follows directly from case (i) and Theorem 3.1.
Case (iii). Recall from the proof of Theorem 4.8 that the hyper-Ka¨hler variety Kn(A) is
birational to An/Sn+1 so that it is enough to establish the theorem for A
n/Sn+1. First we note
that cup-product
(δk−1)∗ : SymkH2(An/Sn+1) −→ H
2k(An/Sn+1)
is a morphism of Hodge structures that is an isomorphism on the degree (2k, 0) part of the
Hodge decomposition. Second, after fixing a polarization on A, δk−1 is generically defined for
powers of A in the sense of [Via20, Def. 2.1]. In addition, by [Via20, Prop. 2.13], the orthogonal
projectors on the sub-Hodge structures of Symk H2(An/Sn+1) and H
2k(An/Sn+1) generated by
forms of degree (2k, 0) are induced by generically defined cycles p and q respectively. Third,
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since the Hard Lefschetz isomorphisms Hr(An)
∼
−→ H4n−r(An) and their inverses are induced
by generically defined cycles for powers of A, we see (as in the proof of [Via20, Prop. 2.13]) that
the inverse of the isomorphism
q∗(δk−1)∗p∗ : p∗ Symk H2(An/Sn+1)
∼
−→ q∗H2k(An/Sn+1)
is induced by a generically defined cycle. We may then conclude from [Via20, Thm. 1] that
δk−1 induces an isomorphism on zero-cycles CH0(h2k(A
n/Sn+1))
∼
−→ CH0(Sym
k h2(A
n/Sn+1))
with inverse induced by a correspondence, where hi(A
n) := h4n−i(An) is the Deninger–Murre
Chow–Ku¨nneth decomposition of An. We then conclude from Lemma 2.1 that
δ¯k−1 : h◦2k(A
n/Sn+1)
δk−1
−→ Symk h◦(An/Sn+1)→ Sym
k h◦2(A
n/Sn+1)
is an isomorphism.
Case (iv). Let F := F (Y ) be the Fano variety of lines on a smooth cubic fourfold Y ⊆
P5. We consider the self-dual Chow–Ku¨nneth decomposition h(F ) = h0(F ) ⊕ · · · ⊕ h8(F ) of
[FLV19a, §A.2.1] (which yields the co-multiplicative birational Chow–Ku¨nneth decomposition
of Theorem 5.5(iv), see Remark 5.7) ; it is generically defined in the sense that the idempotents πi
defining hi(F ) are specializations of cycles on F ×BF , where F → B is the relative Fano variety
of the universal smooth cubic fourfold. The multiplication morphism δ∗ : Sym2 h2(F ) → h4(F )
is an isomorphism by [FLV20, Thm. 2.18(v)]. Dualizing, we obtain an isomorphism δ∗ : h
4(F )→
Sym2 h6(F ), but then δ¯ : h◦4(F )→ Sym
2 h◦2(F ) is nothing but the image of δ∗ under the functor
Meff →M◦ and is thus an isomorphism.
Let us however give an alternate proof that determines the inverse of δ¯. For that purpose, we
consider the cycle L ∈ CH2(F × F ) of [SV16, Part 3] ; it is generically defined, its cohomology
class is the Beauville–Bogomolov–Fujiki form and its action on points l ∈ F (Y ) is given by
L∗l = [So]− [Sl], where Sl is the surface of lines meeting the line l. We claim that the morphism
1
2
µ : Sym2 h6(F )
1
2
Sym2 L
// Sym2 h2(F )
δ∗ // h4(F )
is an isomorphism of Chow motives, and that the inverse of the induced isomorphism
1
2
µ : Sym2 h◦2(F )
∼
−→ h◦4(F )
on birational motive is nothing but the reduced co-multiplication δ¯ : h◦4(F ) → Sym
2 h◦2(F ).
First, µ is indeed an isomorphism of Chow motives since as recalled above the morphism δ∗ :
Sym2 h2(F )→ h4(F ) is known to be an isomorphism, and since the morphism L : h6(F )→ h2(F )
is an isomorphism due to the fact that it is an isomorphism modulo homological equivalence
by [SV16, Prop. 1.3] (its inverse is given by 175L
3) combined with the generalized Franchetta
conjecture for F × F [FLV19a, Thm. 1.10].
Second, we claim that µ satisfies µ ◦ δ¯ = 2 id on CH0(F )(4), which by Lemma 2.1 implies
that δ¯ is the inverse of the isomorphism 12µ. Recall from [SV16, §20] that CH0(F )(4) is killed
by L∗ and is spanned by cycles of the form [l1] + [l2] + [l3] − 3[o], where (l1, l2, l3) form a
triangle, i.e. there is a plane Π ⊂ P5 such that Π ∩ Y = l1 + l2 + l3. With
∑
i[Sli ] = 3[So] and
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δ¯∗[l] = [(l, l)] − [(l, o)] − [(o, l)] in mind, we now compute
µ ◦ δ¯([l1] + [l2] + [l3]− 3[o]) =
∑
i
([So]− [Sli ])
2
= 3[So]
2 − 2[So] ·
∑
i
[Sli ] +
(∑
i
[Sli ]
)2
− 2
∑
i<j
[Sli ] · [Slj ]
= 6[So]
2 − 2
∑
i<j
[Sli ] · [Slj ].
Now, by [SV16, Prop. 20.7(i)], we have [So]
2 = 5[o] and for a triangle (l1, l2, l3) we have [Sli ] ·
[Slj ] = 6[o] + [lk]− [li]− [lj ] for {i, j, k} = {1, 2, 3}. It follows that
µ ◦ δ¯([l1] + [l2] + [l3]− 3[o]) = 2([l1] + [l2] + [l3]− 3[o]),
as claimed. 
Remark 5.14. Although we haven’t followed this path, we mention that, in the proof of The-
orem 5.13(iii), one can determine an explicit inverse to δ¯k−1 by exploiting the duality of the
intersection product with the Pontryagin product via the Fourier transform on the motive of
abelian varieties.
Remark 5.15. Theorem 5.13 and its proof echoes [SV16, Conj. 2], where it is conjectured that
for any hyper-Ka¨hler variety X of dimension 2n there exists a canonical cycle L ∈ CH2X ×X)
with cohomology class the Beauville–Bogomolov–Fujiki form such that CH0(X) admits a grading
CH0(X) = CH0(X)(0) ⊕CH0(X)(2) ⊕ · · · ⊕CH0(X)(2n)
with CH0(X)(2k) = l
n−k · (L∗CH0(X))
·k, where l := δ∗L ∈ CH2(X).
6. The co-radical filtration on zero-cycles
The aim of this section is to spell out concrete structure results for the Chow group of zero-
cycles on a smooth projective variety whose birational motive admits a strict grading.
6.1. δ-filtrations and δ-gradings. The following definitions are justified by Proposition 6.3
below.
Definition 6.1. Let X be a smooth projective variety over a field K and let F• be an ascending
filtration on CH0(X) with F−1CH0(X) = {0}. For all n > 1, we define the filtration F
δ
• on
CH0(X
n) :
F δkCH0(X
n) := im
( ⊕
i1+···+in=k
Fi1CH0(X)⊗ · · · ⊗ FinCH0(X)→ CH0(X
n)
)
.
Recall from §2.3 that if K is algebraically closed, then the exterior product map CH0(X) ⊗
CH0(Y ) → CH0(X ×K Y ) is surjective for all smooth projective varieties X and Y over K.
Therefore, if the filtration F•CH0(X) is exhaustive, then so is the induced filtration F
δ
•CH0(X
n)
for n > 0. We note however that if CH0(X) =
⊕
k≥0CH0(X)(k) is a finite grading, i.e., a finite
direct sum decomposition, then
CH0(X
n)δ(k) := im
( ⊕
i1+···+in=k
CH0(X)(i1) ⊗ · · · ⊗ CH0(X)(in) → CH0(X
n)
)
(8)
does not define in general a grading on CH0(X
n) for n > 1, i.e. the pieces CH0(X
n)δ(k) for k ≥ 0
are not in a direct sum.
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Definition 6.2. Let X be a smooth projective variety and denote δn : X →֒ Xn+1 the diagonal
embedding.
• A δ-filtration on CH0(X) is an exhaustive ascending filtration F• with F−1CH0(X) = {0} such
that
(a) ǫ∗ : F0CH0(X)→ Q is an isomorphism ;
(b) δn∗
(
FkCH0(X)
)
⊆ F δkCH0(X
n+1) for all k and n.
• A δ-grading on CH0(X) is a finite direct sum decomposition CH0(X) =
⊕
k≥0CH0(X)(k) such
that
(a) ǫ∗ : CH0(X)(0) → Q is an isomorphism and ker(ǫ∗ : CH0(X)→ Q) =
⊕
k>0CH0(X)(k) ;
(b) δn∗
(
CH0(X)(k)
)
⊆ CH0(X
n+1)δ(k) for all k and n ;
(c) CH0(X
n) =
⊕
k≥0CH0(X
n)δ(k) for all n > 0.
In items (b) and (c) above, CH0(X
n)δ(k) is defined as in (8).
• A δ-grading is said to be strict if δ¯k∗ : CH0(X)(k+1) → CH0(X
k+1) is injective for all k > 0.
Here, as in Definition 6.4, δ¯ := δ−o×id−id×o and then inductively δ¯k := (δ¯⊗id⊗· · ·⊗id)◦δ¯k−1.
As in §1.3, note that δ¯ acts as zero on CH0(X)(1) (to see this, compose with ǫ⊗ id and use the co-
unit law) and that δ¯k∗
(
CH0(X)(k+1)
)
lies in the image of the natural map Symk+1CH0(X)(1) →
CH0(X
k+1).
• The δ-filtration associated to a δ-grading is the filtration defined by
F δkCH0(X
n) :=
⊕
r≤k
CH0(X
n)δ(r).
• A δ-filtration is said to be split, or to admit a splitting, if it is the filtration associated to a
δ-grading.
Proposition 6.3. Let X be a smooth projective variety. If h◦(X) admits a unital grading (resp.
a strict grading) h◦(X) = h◦(X)(0) ⊕ · · · ⊕ h
◦(X)(n), then the associated grading on CH0(X)
defined by CH0(X)(k) := CH0(h
◦(X)(k)) is a δ-grading (resp. a strict δ-grading).
In particular, if X admits a co-multiplicative birational Chow–Ku¨nneth decomposition, then
the Bloch–Beilinson filtration (7) is induced by a δ-grading.
Proof. This is clear. 
6.2. The co-radical filtration. Inspired by the co-radical filtration on a co-algebra (and es-
pecially, on a pointed irreducible co-algebra) [Swe69, §11], we introduce the following filtration :
Definition 6.4 (Co-radical filtration). Let X be a smooth projective variety over a field K.
Fix a zero-cycle o ∈ CH0(X) of degree 1 such that δ∗o = (o, o), i.e., a unit o : 1→ h
◦(X) of the
co-algebra object h◦(X). We define the ascending co-radical filtration (associated to the unit o)
R• on the Q-vector space CH0(X) by
RkCH0(X) := Qo⊕ {α ∈ CH0(X)num
∣∣ δ¯kα = 0}.
Here, CH0(X)num := ker(deg : CH0(X)→ Q) and, in analogy with the reduced co-multiplication
defined in §1.3, δ¯ = δ − o × id − id × o and δ¯k = (δ¯ ⊗ id ⊗ · · · ⊗ id) ◦ δ¯k−1. We also define the
ascending filtration
Rk(X) := {x ∈ X(K)
∣∣ [x] ∈ RkCH0(X)}.
Note that co-radical filtration R• depends on the choice of unit o ∈ CH0(X) since, e.g.,
R0CH0(X) = Qo, and that a priori we only have 〈[x]
∣∣ x ∈ Rk(X)〉 ⊆ RkCH0(X). Proposition 6.5
below gives an explicit description of Rk(X). It also shows that, in case K is algebraically closed,
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due to the fact that any degree-0 zero-cycle is smash-nilpotent [Voe95, Voi96], the filtration R•
is exhaustive, i.e., we have X =
⋃
k≥0Rk(X), as well as CH0(X) =
⋃
k≥0RkCH0(X).
Proposition 6.5. Let X be a smooth projective variety over a field K and let o ∈ CH0(X) be
a unit. Let R• be the co-radical filtration associated to o. Then for all k we have
Rk(X) = {x ∈ X(K)
∣∣ ([x] − o)×k+1 = 0 ∈ CH0(Xk+1)}.
Proof. The case k = 0 is clear. It is then enough to show that for the reduced co-multiplication
δ¯ associated to the unit o : 1 → h◦(X), 1 7→ o (as in Definition 6.4), we have for all units
x ∈ CH0(X) and all integers k > 0,
δ¯k(x− o) = (x− o)×k+1. (9)
First we have δ¯(x − o) = (x, x) − (o, o) − (x − o, o) − (o, x − o) = (x − o, x − o). By induction,
we get
δ¯k+1(x− o) = (δ¯ ⊗ id)δ¯k(x− o)
= (δ¯ ⊗ id)
(
(x− o)×k+1
)
= (δ¯(x− o), (x− o)×k)
= ((x− o)×2, (x− o)×k)
= (x− o)×k+2,
thereby establishing (9). 
6.3. δ-filtrations and the co-radical filtration. Let X be a smooth projective variety. Fix
a unit o ∈ CH0(X) and denote R• the associated co-radical filtration on CH0(X). Proposi-
tion 6.6 below is key ; it shows that R• contains the maximal δ-filtration F•CH0(X) such that
F0CH0(X) = Qo, and that R• is itself a δ-filtration if CH0(X) admits a strict δ-grading with
CH0(X)(0) = Qo. (Note the analogy with the fact [Swe69, Lem. 11.2.1] that the filtration
associated to a strict grading on a pointed irreducible co-algebra is necessarily the co-radical
filtration).
Proposition 6.6. Let X be a smooth projective variety and fix a unit o ∈ CH0(X). If F•CH0(X)
is a δ-filtration with F0CH0(X) = Qo, then
FkCH0(X) ⊆ RkCH0(X).
If in addition F• is the δ-filtration associated to a strict δ-grading CH0(X) =
⊕
k≥0CH0(X)(k),
then
FkCH0(X) = RkCH0(X)
for all k ≥ 0. In particular, if CH0(X) admits a strict grading, then the co-radical filtration R•
is a split δ-filtration.
Proof. As in §1.3, we note that δ¯k ◦ p¯ acts on CH0(X) the same way p¯
⊗k+1 ◦ δk does, where
p¯ : CH0(X) → CH0(X), α 7→ α − deg(α)o is the projector (induced by the correspondence
∆X − X × o) on CH0(X)num with kernel F0CH0(X). Therefore, since we are assuming F• is
a δ-filtration, δ¯ acts nilpotently on ker(deg : FkCH0(X) → Q) with index k ; in particular,
FkCH0(X) ⊆ RkCH0(X).
Let now α ∈ CH0(X) and assume CH0(X) =
⊕
k≥0CH0(X)(k) is a δ-grading with associated
δ-filtration F• (note that by definition we necessarily have CH0(X)(1) = ker(deg : F1CH0(X)→
Q)). Consider the decomposition of α with respect to the above δ-grading :
α = α0 + α1 + · · ·+ αn , αi ∈ CH0(X)(i).
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If αk′ 6= 0 for some k
′ > k, then we obtain δ¯kαk′ 6= 0 from the assumption that the above
δ-grading is strict. By definition of a δ-grading, the elements δ¯kαl belong to CH0(X
k+1)δ(l)
and the subspaces CH0(X
k+1)δ(l) (as defined in (8)) are in a direct sum for varying l. We thus
see that δ¯kαk′ 6= 0 implies δ¯
kα 6= 0. We have thereby showed that if α /∈ FkCH0(X) then
α /∈ RkCH0(X). 
Finally, we connect the existence of a unital or strict grading on the birational motive of X
to properties of the co-radical filtration.
Corollary 6.7. Let X be a smooth projective variety over a field K. If h◦(X) admits a unital
grading h◦(X) = h◦(X)(0) ⊕ · · · ⊕ h
◦(X)(n) (e.g., a co-multiplicative birational Chow–Ku¨nneth
decomposition with n+ 1 non-zero terms), then the associated ascending filtration
GkCH0(X) := CH0
(
h◦(X)(0) ⊕ · · · ⊕ h
◦(X)(k)
)
is finer than the co-radical filtration R• associated to the unit of h
◦(X) in particular, CH0(X) =
RnCH0(X).
If h◦(X) admits a strict grading then G• = R• ; in particular the co-radical filtration R• is
the δ-filtration associated to a strict δ-grading on CH0(X).
Proof. This is the combination of Proposition 6.3 and Proposition 6.6. 
6.4. The co-radical filtration for hyper-Ka¨hler varieties. Conjecture 1, which is a con-
sequence of the conjunction of Conjecture 5.4 and Conjecture 5.12, together with Corollary 6.7
imply the following statement :
Conjecture 6.8. Let X be a hyper-Ka¨hler variety of dimension 2n. Then there exists a point
o ∈ X such that the associated co-radical filtration R• on CH0(X) is the filtration associated to
a strict δ-grading. In addition, we have
Qo = R0CH0(X) ⊆ · · · ⊆ RnCH0(X) = CH0(X),
so that, in particular, for any x ∈ X we have ([x]− [o])×n+1 = 0 ∈ CH0(X
n+1).
Theorem 6.9. Let X be a smooth projective variety birational to one of the hyper-Ka¨hler
varieties (i), (ii), (iii) or (iv). Then Conjecture 6.8 hold for X.
Proof. This is the combination of Theorem 5.13 with Corollary 6.7. 
Remark 6.10. Suppose X is a smooth projective variety and assume there is a dominant
rational map π : Y1 × · · · × Ym 99K X, where Y1, . . . , Ym are smooth projective varieties the
birational motives of which admit unital gradings h◦(Yi) = h
◦(Yi)(0)⊕· · ·⊕h
◦(Yi)(ni). Then there
exists a unit o ∈ CH0(X) such that for all x ∈ X(K) we have ([x]− 0)
×n+1 = 0 ∈ CH0(X
n+1),
where n = n1+ · · ·+ nm. Indeed, this follows at once from the fact that the natural grading on
h◦(Y1× · · ·×Ym) = h
◦(Y1)⊗ · · · ⊗ h
◦(Ym) is a unital grading, Corollary 6.7 and Proposition 6.5,
and pushing forward along π.
The above in particular establishes Theorem 1 in the case (v) of LLSvS eightfolds. Indeed,
if Z is the LLSvS eightfold associated to a cubic fourfold Y , Voisin [Voi16, Prop. 4.8] has
constructed a dominant rational map ψ : F × F 99K Z, where F is the Fano variety of lines
on Y . We conclude with Theorem 5.5 where a unital grading for h◦(F ) was constructed.
Remark 6.11 (The co-radical filtration and the conjectural Bloch–Beilinson filtration for hy-
per-Ka¨hler varieties). Since for a hyper-Ka¨hler variety X the Hodge numbers hi,0(X) vanish for
i odd, the Bloch–Beilinson filtration, if it exists, satisfies F 2i−1CH0(X) = F
2iCH0(X) for all i.
An increasing filtration G• on CH0(X) is then said to be opposite to F
2• if the composition
GiCH0(X) →֒ CH0(X)։ CH0(X)/F
2i+2CH0(X)
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is bijective. Now, since the conjectural Bloch–Beilinson filtration F •, if it exists, is induced
by the choice of any Chow–Ku¨nneth decomposition (see (7) and the ensuing discussion), we
note that the combination of Proposition 5.11 with Corollary 6.7 establishes that the co-radical
filtration R• on the CH0 of a hyper-Ka¨hler variety whose birational motive admits a strict
grading (e.g., a hyper-Ka¨hler variety as in (i), (ii), (iii) or (iv) by Theorem 5.13) is opposite
to the conjectural Bloch–Beilinson filtration F 2•. It is thus natural to conjecture that for all
hyper-Ka¨hler varieties, there exists a unit such that the associated radical filtration is opposite
to the conjectural Bloch–Beilinson filtration.
7. The Voisin filtration and the co-radical filtration
7.1. The Voisin filtration. Let X be a smooth projective variety over an algebraically closed
field k. Given a closed point x ∈ X, the orbit of x under rational equivalence
Ox := {x
′ ∈ X(k)
∣∣ [x] = [x′] ∈ CH0(X)}
is a countable union of closed algebraic subsets of X and we denote dimOx the maximal di-
mension of these subvarieties. Although the following definition makes sense for any smooth
projective variety X, it is of particular relevance for hyper-Ka¨hler varieties.
Definition 7.1 (Voisin filtration). Let X be a hyper-Ka¨hler variety of dimension 2n. The
Voisin filtration S• is the increasing filtration on CH0(X) :
S0CH0(X) ⊆ S1CH0(X) ⊆ · · · ⊆ SnCH0(X) = CH0(X)
defined by
SkCH0(X) := 〈 [x]
∣∣ x ∈ Sk(X)〉,
where
Sk(X) := {x ∈ X
∣∣ dimOx ≥ n− k}.
We note that S−1(X) = ∅ (and consequently that S−1CH0(X) = 0) : indeed if f : Z → X
is a codimension-0 morphism with Z smooth projective such that the image of f∗ : CH0(Z) →
CH0(X) is one-dimensional, then by Mumford’s theorem (or Bloch–Srinivas [BS83]) we find that
f∗σ = 0, where σ is a nowhere degenerate symplectic form on X, and hence that dimZ ≤ n ;
see [Voi16, Cor. 1.2].
In addition, by [Voi16, Lem. 3.10(ii)], if X contains a constant Lagrangian subvariety Z which
is connected and whose class is a linear combination of ln, ln−2ctr, . . . for some ample divisor l,
where ctr is the transcendental part of the Beauville–Bogomolov form (see [Voi16, §1.1] for more
details), then S0CH0(X) is spanned by the class of any point o on Z. In general, it is expected
that S0CH0(X) is spanned by the class of a point o and when this is the case we call o a
distinguished point of X.
7.2. Splitting of the Voisin filtration. Voisin [Voi16] conjectured that the filtration S• on
the Chow groups of zero-cycles on hyper-Ka¨hler varieties is split in the sense that it is opposite
to the conjectural Bloch–Beilinson filtration F 2•. The following conjecture in particular provides
an alternate notion for the splitting of S• that does not depend on the existence of the conjectural
Bloch–Beilinson filtration : namely, S• is δ-split if it is the filtration associated to a δ-grading.
Conjecture 7.2. The Voisin filtration S• on the Chow group of zero-cycles on a hyper-Ka¨hler
variety X is a δ-filtration associated to a strict δ-grading (see Definition 6.2).
In particular, by Propositions 6.5 and 6.6, if R• denotes the co-radical filtration associated to
the class of the point spanning S0CH0(X), then we have for all k
SkCH0(X) = RkCH0(X) = 〈 [x]
∣∣ ([x]− o)×k+1 = 0 ∈ CH0(Xk+1) 〉. (10)
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We note that even showing in general that the Voisin filtration S• is a δ-filtration is a non-
trivial matter. We would also like to insist here that the right-hand side equality of (10) is a
consequence of the left-hand side equality. Indeed, since by definition SkCH0(X) is spanned
by classes of points, it follows that RkCH0(X) is also spanned by classes points, hence the
right-hand side equality in (10) by Proposition 6.5. We may thus ask whether the property
that RkCH0(X) is spanned by classes of points is specific to hyper-Ka¨hler varieties ? A related
question is whether a point x ∈ X whose class belongs to SkCH0(X) satisfies x ∈ Sk(X), i.e.,
dimOx ≥ n− k ?
The following theorem gives evidence for the above Conjecture 7.2.
Theorem 7.3. Let X be a smooth projective variety birational to one of the hyper-Ka¨hler
varieties (i), (iii) or (iv). Then Conjecture 7.2 holds for X, i.e., the Voisin filtration S• on
CH0(X) defines a δ-filtration associated to a strict δ-grading and, denoting o the class of a point
spanning S0CH0(X), for all x ∈ X we have
[x] ∈ SkCH0(X) ⇐⇒ ([x]− o)
×k+1 = 0 ∈ CH0(X
k+1).
Proof. In order to show that the Voisin filtration S• is a δ-filtration associated to a strict δ-
grading, it suffices by Proposition 6.3 to show that it coincides with the ascending filtration
induced by a strict grading on the birational motive h◦(X).
Therefore, together with Theorem 5.13, in order to prove the theorem, it suffices to show in
each cases that
SiCH0(X) =
(⊕
k≤i
̟X2k
)
∗
CH0(X) ⊆ CH0(X),
where {̟Xk } is the co-multiplicative birational Chow–Ku¨nneth decomposition from Theorem 5.5.
In case (i), this is [Voi16, Thm. 2.5] together with the explicit description of the co-multiplicative
birational Chow–Ku¨nneth decomposition in the proof of Theorem 5.5(i) ; in that case we simply
have, after identifying CH0(Hilb
n(S)) with CH0(S
(n)), that SiCH0(Hilb
n(S)) is spanned by the
classes of points x1 + · · ·+ xi + (n − i)o.
The case (iii) is due to Lin [Lin16]. (Note that in this case our (̟X2k)∗CH0(X) coincides with
Lin’s CH0(X)2k.)
The case (iv) is [Voi16, Prop. 4.5] (together with the fact [SV16, Thm. 21.9] that in this case
our decomposition CH0(F ) into eigenspaces for the action of ϕ∗ (Theorem 5.5) coincides with
the Shen–Vial decomposition). 
Remark 7.4 (Theorem 7.3 in the case (ii) of moduli of stable objects on K3 surfaces). We
note that the isomorphism (R0)
∗ : h◦(Hilbn(S))
∼
−→ h◦(Mσ(v)) of (the proof of) Theorem 3.1
admits a multiple of (R0)∗ as its inverse and that the co-multiplicative birational Chow–Ku¨nneth
decomposition for h◦(Mσ(v)) is transported from that of h
◦(Hilbn(S)) via R∗0 and (R0)∗. In order
to prove Theorem 7.3 for Mσ(v), it suffices to show that, for all i,
(R0)
∗
(
SiCH0(Hilb
n(S))
)
⊆ SiCH0(Mσ(v)) and (R0)∗
(
SiCH0(Mσ(v))
)
⊆ SiCH0(Hilb
n(S)).
The left-hand side inclusion is established and follows from the density of (connected) subvari-
eties of maximal dimension in Hilbn(S) of Ox for any x ∈ Hilb
n(S) ; see the proof of [SYZ17,
Thm. 0.5] and the references therein. A similar argument shows that the right-hand side inclu-
sion would follow from the, yet to be established, density of (connected) subvarieties of maximal
dimension in Mσ(v) of Ox for any x ∈ Mσ(v). Thus, Theorem 7.3 in the case (ii) reduces to
showing the density of (connected) subvarieties of maximal dimension in Mσ(v) of Ox for any
x ∈Mσ(v).
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Appendix A. The co-radical filtration on the Chow ring of abelian varieties
The aim of this section is to spell out the analogues of the results of §5 and §6 in the case of
abelian varieties. Let A be an abelian variety over a field K and denote g its dimension. Let
[n] : A→ A denote the multiplication by n morphism. Recall from [Bea86] that the Chow ring
of an abelian variety A admits a bigrading
CH∗(A) =
⊕
i−g≤j≤i
CHi(A)(j), where CH
i(A)(j) := {α ∈ CH
i(A)
∣∣ [n]∗α = n2i−jα for all n ∈ Z}
and that
F kCH∗(A) :=
⊕
j≥k
CH∗(A)(j) (11)
is conjecturally the Bloch–Beilinson filtration (in particular, CH∗(A)(j) = 0 for all j < 0, or
equivalently, F 0CH∗(A) = CH∗(A)).
Fix an integer n distinct from −1, 0, or 1. The Deninger–Murre [DM91] decomposition of the
(contravariant) Chow motive
h(A) = h0(A)⊕ · · · ⊕ h2g(A)
is a Chow–Ku¨nneth decomposition that can be obtained by considering the projectors on the
various eigenspaces for the multiplication by n morphism, i.e.,
πkA :=
∏
0≤i≤2g,i 6=k
[n]∗ − ni
nk − ni
. (12)
With that description, it is clear that the Deninger–Murre decomposition provides a multiplica-
tive Chow–Ku¨nneth decomposition of h(A), and in particular a grading of h(A) considered as an
algebra object. It is also clear that CHi(A)(j) = CH
i(h2i−j(A)), i.e., that the Deninger–Murre
decomposition lifts to h(A) the Beauville decomposition on CH∗(A).
The sum morphism Σ : A × A → A induces a map Σ∗ : h(A) ⊗ h(A) → h(A)(−g) called the
Pontryagin product and that we more commonly denote ∗. Ku¨nnemann [Ku¨n94] showed that
the Deninger–Murre projectors can be alternately described as
πkA =
1
(2g − k)!
(
2g∑
n=1
(−1)n−1
n
(
idA −A× 0
)∗n)∗(2g−k)
. (13)
(In the above formula, the Pontryagin product is to be understood on A × A viewed as an
abelian scheme over A via the first projection.) With that description, Ku¨nnemann shows that
the multiplication map
Sym∗ h1(A)
∼
−→ h(A) (14)
is an isomorphism of graded algebra objects, with inverse given by the sum of the isomorphisms
1
k!
(Σk)∗ : hk(A)
∼
−→ Symk h1(A),
where Σk : Ak → A is the sum homomorphism.
Dualizing (14) and passing to covariant Chow motives, and setting hk(A) := π
2g−k
A h(A), one
obtains that co-multiplication induces an isomorphism of unital graded co-algebra objects
h(A)
∼
−→ Sym∗ h1(A) (15)
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with h(A) endowed with the unit 0 : 1 → h(A). Its inverse is given by the sum of the isomor-
phisms
1
k!
Σk∗ : Sym
k h1(A)
∼
−→ hk(A). (16)
This isomorphism (15) in particular endows h(A) with a strict grading in the sense of §1.5. Note
also as in §1.3 that, for k > 0 the degree-k part of the isomorphism (15) is nothing but δ¯k−1,
where δ¯ = δ − 0× idA − idA × 0 is the reduced co-multiplication. In addition, we have
ker
(
δ¯k : h>0(A)→ Sym
∗ h>0(A)
)
= h1(A)⊕ · · · ⊕ hk(A).
On CHi(A), we have the increasing co-radical filtration, which on zero-cycles is defined as in
Definition 6.4 :
RkCH0(A) := Q[0]⊕ {α ∈ CH0(A)num
∣∣ δ¯kα = 0}, for k ≥ 0
and on positive-dimensional cycles is defined as :
RkCHi(A) := {α ∈ CHi(A)
∣∣ δ¯2i+kα = 0} for i > 0 and k > −2i.
The co-radical filtration on the Chow groups of A graded by codimension is defined simply as :
RkCH
i(A) := RkCHg−i(A).
We then have :
Theorem A.1. Let A be an abelian variety of dimension g over a field K. The co-radical
filtration R• relates to the Beauville decomposition as follows :
RkCH
i(A) =
k⊕
j=i−g
CHi(A)(j). (17)
In particular,
(a) we have
0 = Ri−g−1CH
i(A) ⊆ Ri−gCHi(A) ⊆ · · · ⊆ RiCH
i(A) = CHi(A),
and conjecturally R−1CH
i(A) = 0 ;
(b) the co-radical filtration R• on CH
i(A) is opposite to the filtration F • of (11) (which, con-
jecturally is the Bloch–Beilinson filtration) and we have
RkCH
i(A) ∩ F kCHi(A) = CHi(A)(k) ;
(c) the co-radical filtration R• is an algebra filtration on CH
i(A), i.e.,
RkCH
i(A) · Rk′CH
j(A) ⊆ Rk+k′CH
i+j(A) ;
(d) every point x ∈ A satisfies
([x]− [0])×g+1 = 0 ∈ CH0(A
g+1).
Proof. We prove the identity (17). Items (a), (b) and (c) then follow from the properties of the
Beauville decomposition recalled above, and item (d) follows from (a) and Proposition 6.5.
Since the co-radical filtration is more naturally defined in the covariant setting, we aim to
show that
RkCHi(A) =
k⊕
j=i−g
CHi(A)(j), where CHi(A)(j) := CH
g−i(A)(j).
First note that CH∗(h0(A)) = CH0(h0(A)) = CH0(A)(0) = Q[0] = R0CH0(A), so that we can and
will assume 2i+k 6= 0. Also, we consider a cycle in CHi(A)(j) as a morphism Hom(1(i), h2i+j(A)).
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Since δ¯ vanishes on the summand h1(A), it is clear that δ¯
2i+k vanishes on h1(A)⊕· · ·⊕h2i+k(A).
This shows that RkCHi(A) ⊇
⊕
j≤k CHi(A)(j).
Conversely, we follow the arguments of Proposition 6.6. For all α ∈ CHi(A), we consider its
decomposition with respect to the Beauville decomposition :
α = α−i + α−i+1 + · · ·+ αg−i, αj ∈ CHi(A)(j).
We are going to show that if α is not in
⊕
j≤k CHi(A)(j) then it is not in RkCHi(A). Assume
that αk′ 6= 0 for some k
′ > k. Then, identifying δ¯2i+k
′−1αk′ with the morphism
1(i)
αk′ // h2i+k′(A)
δ¯2i+k
′
−1
∼
// Sym2i+k
′
h1(A),
we see that αk′ 6= 0 implies that δ¯
2i+k−1αk′ 6= 0. We may then conclude from the fact that δ¯
(and hence δ¯2i+k−1) is graded, that αk′ 6= 0 implies that δ¯
2i+k−1α 6= 0, i.e., α /∈ RkCHi(A). 
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